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Abstract 

We initiate the computation of the 2-loop quantum AdS^ x string corrections on 
the example of a certain string configuration in related by an analytic continuation 
to a folded rotating string in AdS^ in the "long string" limit. The 2-loop term in the 
energy of the latter should represent the subleading strong-coupling correction to the 
cusp anomalous dimension and thus provide a further check of recent conjectures about 
the exact structure of the Bethe ansatz underlying the AdS/CFT duality. We use the 
conformal gauge and several choices of the K-symmetry gauge. While we are unable 
to verify the cancellation of 2d UV divergences we compute the bosonic contribution 
to the effective action and also determine the non-trivial finite part of the fermionic 
contribution. Both the bosonic and the fermionic contributions to the string energy 
happen to be proportional to the Catalan's constant. The resulting value for 2-loop 
superstring prediction for the subleading coefficient a2 in the scaling function matches the 
numerical value found in hep-th /06 11135 _ from the BES equation. 
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1 Introduction 



To demonstrate the AdS/CFT duality one is to establish a direct equivalence between the 
spectrum of the A/" = 4 SYM dilatation operator and the spectrum of quantum string energies 
in AdS^ X . There are strong indications that both spectra are indeed described by solutions 
of certain Bethe ansatze (for a recent review and some references see, e.g., [1]). 

While the gauge-theory side of the duality has standard definition at weak-coupling, the 
presence of the RR background supporting AdS^ x requires that the formulation of the dual 
string theory should be based on the manifestly-supersymmetric Green-Schwarz approach [2l [3] 
which leads to a complicated-looking non-linear action [U |5l [6] . 

The quantization of this action is straightforward at leading semi classical (1-loop) order by 
expanding near a non-trivial classical string configuration and fixing an appropriate K-symmetry 
gauge (see, e.g., |Hl IS [3 [lO] ) ■ This allowed one to compute 1-loop string corrections to energies 
of various classical solutions in AdS^ x [lOl [HI [121 [IS [HI [15] , and these explicit results played 
a key role in checking the AdS/CFT duality and, in particular, in recent progress in fixing the 
structure of the "string" (strong-coupling) form [TB] of the Bethe ansatz [TTl [TBI [ISl [20] which 
led to the exact expressions in [211 [I] Q 

To provide further important checks of the conjectured form of the Bethe ansatz for the 
gauge/string spectrum it is crucial to learn how to extend the 1-loop computations of |lUj- 
[15] beyond the 1-loop level. Here, however, one faces an apparent problem: the curved-space 
GS action expanded near a string background that provides the fermions with a non-trivial 
propagator is formally non-renormalizable beyond one loop. While the original string action has 
no dimensional parameters and both the bosonic and the fermionic fields in it are dimensionless, 
when expanding near a non-trivial background one effectively changes the dimension of fermions 
to canonical Dirac field dimension (1/2) in 2 dimensions. The effective dimensional scale is 
introduced by the derivative of the bosonic string background, leading to non-renormalizable 
couplings (and thus to higher power divergences) o 

This problem did not seem to be appreciated in early studies of quantum GS action which 
were restricted to 1-loop order [21], but it was recently emphasized in [25], where it was sug- 
gested that it may be possible to resolve it in a special "light-cone" -type gauge. On general 
grounds, one should not expect any meaningful results to depend on a particular gauge choice, 
but the formulation of quantum theory may look simpler in a gauge where the action has less 

^An additional input was the assumption of crossing symmetry [22l |23j . 

^It is sometimes said that one cannot quantize GS action since fermions 9 "do not have a propagator" . This 
is somewhat a misleading statement. The quantization of the AdS^ x action is formally well-defined as soon 
as one chooses a non-trivial bosonic background near which one can expand the action (and fixes a proper k- 
symmetry gauge). There is an analogy with the quantization of Einstein's theory: unless one chooses a non-zero 
background metric the metric fluctuations do not have a propagator term - the Einstein action is non-polynomial 
in the metric. Specifying a background metric introduces a dimensional coupling and also spontaneously breaks 
the diffeomorphism invariance of the Einstein action; it can be formally maintained using the background field 
method in which the background metric is also transforming (provided one uses a background-covariant gauge) . 
Similar approach can be followed for the GS string. In most practical applications (see, e.g., [ini[Il]) one needs 
to expand near a specific background which spontaneously breaks symmetries of the original action, just as in 
a generic case of the semiclassical expansion near a solitonic solution. 
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non-linear form (e.g. being quadratic in I.e. gauge in flat space) o 

On general grounds, one should expect the GS action to make sense at the quantum level 
only if it happens to be UV finite: this is required by its basic gauge symmetry - the k- 
symmetry. The key technical issue is how to formulate the quantum theory (i.e. make a choice 
of a regularization, measure, etc.) in a way that is indeed consistent with the preservation of 
the classical symmetries at the quantum level. 

Our aim here will be to begin the investigation of the quantum AdS^ x string theory 
beyond the 1-loop order by attempting to compute a 2-loop correction to the string world- 
sheet effective action in a particular string background. This background appears to be one of 
the simplest possible non-trivial choices, making the 2-loop computation tractable. It may be 
viewed as a particular limit of the circular string solution with two equal SO{Q) spins pTl[27] and 
is an example of a "homogeneous" spinning string solution for which the only non-vanishing 
string coordinates are isometric angles of AdS^ x which are linear in string world-sheet 
coordinates r and a. This choice is special in that, when expanded near it, the AdS^ x 
string Lagrangian has constant (r, a independent) coefficients and thus the computation of 
quantum corrections simplifies considerably. An apparent problem, however, is that the simplest 
spinning string solution with two equal SO{Q) spins [HI [27] is unstable, and that seems to lead 
to potential problems in trying to compute the 2-loop correction to its energyj^l One may avoid 
this instability by a formal analytic continuation in the winding number m, i.e. by taking it 
less than one or even purely imaginary. 

Remarkably, there is also another important reason to study quantum corrections to the 
energy of the circular 2-spin solution with an imaginary winding parameter. As was noticed 
recently [15] (using an earlier observation in [2F]), this solution is related by a formal analytic 
continuation to a "long-string" limit of the folded string rotating in AdS^ with spin S and also 
orbiting along big circle of 5"^ with spin J. The energy of the S ^ J string [311 [10] goes as 

■^A possible alternative is to use the Berkovits version of the AdS^ x GS action [5B] that has a non- 
degenerate fermionic quadratic term from the start and formally defines a renormalizable theory. However, the 
formulation of the theory (using BRST symmetry as a basic principle) is somewhat ad hoc and is not completely 
free of ambiguities (in particular, in the definition of the ghost path integral measure). To see if this formulation 
is of practical use for addressing the issues discussed here it would be important to first reproduce the results 
of the 1-loop GS computations in [10]-[T5] by starting with the Berkovits action. 

"^By this we mean, in particular, that the /t-symmetry does not develop anomalies, i.e. anomalies cancel. 
The usual quantization schemes specify a regulator that preserves as many symmetries as possible. Anomalies 
may arise, however, if a symmetry is broken by the regulator. A formal argument for finiteness of the AdS^ x 
action [5] constructed by analogy with the one for the WZW theory runs as follows: (i) the "kinetic" term in the 
action is protected by global symmetry (as for, e.g., SO{n) coset sigma model) and can thus be renormalised 
only by an overall factor; (ii) the coefficient of the WZ term in the action of [1] cannot be renormalised (for a 
symmetric supercoset the analog of the field strength of the Bmn coupling is covariantly constant; alternatively, 
the WZ term has a 3d representation that is not possible for local covariant counterterms) ; (iii) the K-symmetry 
relates the coefficients of the WZ and the "kinetic" terms, thus precluding any renormalization of the latter. 
This argument is very formal since it assumes that both global supercoset symmetry and the K-symmetry are 
actually preserved at the quantum level. The main issue is how to formulate the quantum theory explicitly so 
that these conditions are indeed met. 

^A similar "homogeneous" circular string solution with one spin in AdS^ and one in is stable, but 
the corresponding fluctuation spectrum (and thus the propagator) is much more involved [13], substantially 
complicating the problem of computing the 2-loop correction. 
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S + aoV^ln J in the "long-string" limit, and it played a key role in recent discussions of the 
AdS/CFT correspondence in the SL{2) sector [H [Si [331 [31 [35l [36] . 

Let us start with introducing the relevant string background and reviewing the form of the 
1-loop correction to its energy. 



1.1 String background and strong-coupling expansion of minimal 
twist anomalous dimension 

According to [311 [10] the classical energy of a folded rotating string in AdS^ x which should 
be dual to a minimal twist operator in planar J\f = A SYM theory scales for ^ J a^ 

E = S + f{X)lnS + ... . (1.1) 

For small A the function /(A) should have the standard perturbative gauge theory expansion 
/(A) = kiX + /c2A^ + ... while for large A it should have perturbative string theory expansion 

r/^\ rr ^2 1 3 In 2 
/(A) = aoV A + ai + ^ + ... , oq = - , oi = . (1.2) 

VA TT TT 

The leading strong-coupling coefficients Oq [31] and ai were found to be in perfect agree- 
ment [H [321 [33] with the prediction of the integral equation for the minimal twist anomalous 
dimension as extracted from the weak-coupling Bethe ansatz suggested in [Ijj^ 

It is obviously important to compute the value of the subleading coefficient a2 directly as the 
two-loop correction in the AdS^ x string theory. It can then be compared with a prediction 
of [33| obtained numerically from the strong-coupling expansion of the solution of the integral 
equation of [T]l^ 

as ^ -0.29154 ±0.0013 . (1.3) 



In general, computing quantum corrections to the energy of the folded string solution in AdS 
[371 l3l] is very complicated due to the non-trivial cr-dependent form of this configuration. 
However, as was realized in [TDl [U] to extract the leading large spin 1 behaviour of the 

energy it is sufficient to consider the "long string" approximation in which the folded string 
solution simplifies, becoming effectively "homogeneous". Viewed as a string configuration in 
AdSs X (where is from S^) with the metric 

ds"^ = dp^ - cosh^ p df + sinh^ p dO^ + d(j)^ (1.4) 

^More precisely, one is to assume that In j ^ we also omit a term linear in J on the r.h.s. 

^ This may not be totally sm'prising since the 1-loop dressing phase in the strong coupling Bethe ansatz 
was extracted [1^ from other 1-loop string results; nevertheless, it provides a non-trivial check of the analytic 
continuation prescription suggested in [T], as it implies the existence of a single function with correct weak- 
coupling and strong-coupling limits. 

®The strong-coupling expansion of this integrals equation appears to be subtle |35| . It would be important 
to obtain the expressions for the strong-coupling coefficients ai,a2,... analytically. Note that the coupling g 
used in [J is related to A used here hy g = 
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it is then approximated (in conformal gauge) by 



t = KT, 9 ^ KT, p ^ ia, (p = UT, i = \/K^ — v'^ , (1.5) 

where S is related to n and J = ^/Xu. The relevant limit we are interested in is 

^t>l, -= fixed <1 (1.6) 

K 

which is sufficient for computing the coefficient of the leading In 5* term in the energy. 

The above configuration (11.51) is related [15] by a formal analytic continuation [29] to the 
Ji = J2 circular string solution in Rt x part of AdS^ x 

ds^ = -dt'^ + dtp^ + cos^ V d(j)l + sin^ dcpl (1.7) 

taken in its form given in illj {Ji = J2 = VXw): 

t' = k't, = ma, 02 = 03 = WT, w = V k'"^ — m? . (1-8) 

Under the continuation t ^ 02, p — i^, ^ 03, ^ t' one effectively interchanges AdS^ 
with S^, and to make it an equivalence transformation one is also to change the overall sign of 
the string action which can be implemented as a formal inversion of the sign of the coefficient 
in front of the action, i.e. 

-V\ . (1.9) 

The parameters of the two solutions are related as follows: 

k' = u , m = ii = %\J /c^ — , w = K . (1-10) 

The values of the classical string action evaluated on (11.51) and on (11.81) (or (11.111) below) then 
agree provided we also do the replacement (11.91) . 

The quadratic fiuctuation action near the above solution (II. 5p will have constant coefficients 
after a coordinate rotation [TT] IT^. We may also start directly with the same background (11.81) 
in the equivalent "rotated" form given in |27j : 

TT 

■0 = — , 02 = WT + ma , 03 = WT — ma . (l-H) 

Then all coefficients in the fluctuation Lagrangian will be manifestly constant. It is the con- 
flguration (II. lip that will be our starting point for the quantum string loop computations 
here. 

Our aim below will be to compute the 2-loop string correction to the energy of the circular 
solution (11.111) assuming the analytic continuation in m (ll.lOp and the scaling limit (II. 6p . For 
simplicity we shall also set 1/ = 0, i.e. set the spin of the original folded string solution (11.50 
to be zero or set k' = for the rotating solution in (ll.lOp : 

1 S 

k' = V = Q , m = —ihc, w = K, K^— In^^^oo. (1-12) 
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In the scahng hmit k —>■ oo the world sheet coordinates r and a in (11.111) can be rescaled by k 
and thus we can replace the R x string world sheet by the R x R one, i.e. the summation 
over the spatial momentum modes can be replaced by an integral fiUi 115] . As a result, the 
dependence on k in the effective action will factorizej^ 

Instead of directly computing the quantum correction to the energy of our soliton solution 
using operator methods we shall find the value of the logarithm of the string partition function 
(equal in the present case of a hornogeneous background to the quantum effective 1-PI action) 
evaluated on the classical solution]^ We will evaluate the partition function or the 2d energy 
by expanding near (II. lip in the formal limit k' ^ as a function of (in general, complex) 
argument m and at the very end set m = —in where k — > oo. The final result should give us, as 
it happened at the tree and the 1-loop level, the information about the 2-loop correction to the 
energy of the folded string solution^ More precisely, taking into account (II. 9p . the quantum 
AdS^ X superstring partition function computed by expanding near the folded rotated string 
solution in AdS^ (ll.Sp and near the related by the analytic continuation complex rotating string 
background in (Il.lip . (ll.l2p should satisfy 

InZfoid. AdSsl/^; v^) = In^rot. s^w = im = K,] -\f\) . (1-13) 

Thus having found InZrot. Ssi"^ = im = k; \/X) = VXcq + Ci + + ... we will need to reverse 

the sign of ^/X to find the corresponding values of the coefficients in the scaling function (II. 2p . 
This will not change the 1-loop correction but with alter the sign of the 2-loop term. 



1.2 One- loop approximation 

As a preparation for the 2-loop computation we are interested in, let us explain how one 
can get the same 1-loop correction as in [TTl [T5] by starting with the 1-loop effective action 
Fi = — In Zi instead of the usual expression for 1-loop energy correction in terms of the sum 
over the characteristic frequencies The expression for the leading term in the 1- 

loop correction to the energy of the folded string found in the scaling limit (11.60 with u = 

^The argument about factorization of k dependence is strictly true only if all divergences cancel out. If, 
e.g., IR divergences were survive one could get non-analytic Iuk contributions. We will find that they indeed 
cancel in the final result. The analytic continuation in the winding m eliminates the tachyonic instability of the 
circular solution making the 2d momentum integrals better defined in the IR. 

Note that quantum corrections should not change the form of the classical solution due to its homogeneous 
nature. This case is similar to the case of a constant abelian gauge strength background in gauge theory. 

^"'^We expect that the string energy has a meaning when considered as a function of the complex values of its 
parameters, i.e. that different analytic continuations in parameters give values of the energy for different physical 
configurations. In short, having two classical solutions related by an analytic continuation in coordinates and 
parameters we shall assume that this relation holds also at the quantum level. We cannot of course consider 
the rotating solution as physical in the limit p.l2p (e.g., its energy is not defined if k' = 0) but we shall assume 
that this limit of its energy defined for complex k' and m has a meaning of the energy of the folded solution. 

^^The two expressions are of course related in general by integrating out over pq component of the 2d momen- 
tum with the ie prescription, but here in the absence of the UV divergences even a formal Euclidean continuation 
and direct integration over pq is enough to obtain the required result. 
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^ i In ^) is [m [IS 

1 1 1^°° 

E = -E2d , E^^^J = vTK^ai , ai = - dp uj{p) , (1-14) 

uj{p) = ^p2 + 4: + + + 2- S^p^ + 1 . (1.15) 

Here uj{p) contains the contributions of 8 bosonic and 8 fermionic fluctuation modes. The 
integral over p give^ 

3 In 2 , , 

ai = . (1.16) 

TT 

We get the same resuh if we consider instead the expression for the Euchdean partition function 
and define i?2d as the effective action F divided over the 2-d time interval, i.e. at one loop 

r, = -lnZ, = ^y^Z,(«2) . (1.17) 



ln(g2 + 4) + 5 In + 2 ln(g2 + 2) - 8 ln(g^ + 1) 



:i.i8) 



Here = LT is the 2-d volume which factorises since our background is homogeneous: the 
fluctuation Lagrangian has constant coefficients and is thus translationally invariant. We as- 
sumed that the original coordinates r and a were rescaled by k (this decompactifles the spatial 
direction in the limit k oo), so that 

L = 2nn, T = kT , V2 = LT = 27rK,^f , (1.19) 

and thus 

eS = f-'T, , E, = T-'T, = 27r/.| ^ Z,{q') . (1.20) 

The integral over the 2d momentum is deflned using the Euclidean continuation, i.e. = go+^i- 
Introducing the polar momentum space coordinates d'^q = qdqd<p and integrating over (p we end 
up with 

Ei'J = -^'J^ dvZ,{v), v^q'. (1.21) 

This leads to the same expression for ai in e!^'] = vr/t^ai or in 

Ti = ^a,V2 (1.22) 

as in fll.i4p . fll.l6p . Note that the classical string action evaluated on conformal-gauge solution 
for the folded string (11.51) with z/ = gives Fq = -^^^2 = |\/AaoV2, while in the case of 

f ll.lip . fll.i2p we get the opposite sign Fq = —^y2] the 1-loop correction is the same in both 
cases, in agreement with fll.lSp . 



^■^ Since t = kt, the space-time energy is related [10] to the 2d energy hy E = ^E2d', in the hmit k ^ 00 the 
2d energy E2d scales as k^. 

^''For the reasons mentioned above, this integral happens to be essentially the same as in the case of the 
1-loop correction to the energy of the circular Ji = J2 string solution in SU (2) sector [TTl [37] considered in [T7] 
and in Appendix C of [50] , 
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1.3 Structure of the paper 



Below we shall perform the computation of the 2-loop correction to the 1-PI 2d effective action 
in the background fll.lip in the limit fll.l2p . The two- loop effective action or the partition 
function for the folded string solution will again be proportional to the volume factor, i.e. 

T = -\nZ=^fiX)V2, r, = ^^V2. (1.23) 

Having found r2 for its counterpart fll.lll) . fll.l2l) to extract the value of 02 in the scaling 
function ( 11. 2p we will need, according to ( ll.lSp . to change its overall sign. 

This is a technically involved computation. One issue is the large number of fields (10 
bosonic and 32 fermionic) implying a large number of 2-loop Feynman graphs with non-diagonal 
propagators. Another is the presence of gauge symmetries - 2d diffeomorphisms (which we will 
fix by the conformal gauge) and the fermionic K-symmetry. The preservation of the latter is 
expected to be quite subtle at higher loop orders. The complicated structure of the GS action 
makes the verification of cancellation of UV divergences (power- like, In^ A and In A ones) non- 
trivial at the 2-loop order 

We shall start in section 2 with determining the contribution of the 2-loop graphs containing 
the bosonic fluctuations. Section 2.1 will review some general facts about 2-loop renormalization 
of generic bosonic 2d sigma model in dimensional regularization, pointing out in particular 
that for symmetric spaces like AdS^ x the corresponding effective action does not contain 
In^ A ~ 4 UV diver gences. In section 2.2 we shall present the form of the bosonic part of the 
AdS^ X action expanded to quartic order near the background fll.lip . fll.12p and in section 
2.3 will collect the expressions for the corresponding 2-loop momentum integrals. The explicit 
results for the integrals will be presented in section 2.4. In addition to the standard 2-loop 
logarithmic divergence (that should be cancelled by the fermions) we shall find that the non- 
trivial finite part of the bosonic contribution to the 2-loop coefficient a2 in (11.20 is proportional 
to the Catalan's constant K. 

In section 3 we shall summarize the results of the computation of the 2-loop graphs involving 
the fermionic variables of the AdS^ x action of [1] (the action is reviewed in Appendix A). 
We first consider the "covariant" K-symmetry gauge 6^ = kO"^ where A; is a real number. The 
relevant quartic part of the superstring action is given explicitly in Appendix B. As we explain 
in Appendix C, using a similar k = 1 gauge in the fiat-space GS action one finds that the 
corresponding 2-loop graphs vanish in dimensional regularization, i.e. the 2-loop term in the 
fiat-space partition function vanishes, in agreement with its triviality in the light-cone gauge. 

Computing the 2-loop graphs resulting from vertices in the AdS^ x action (using a 
Mathematica-based program to evaluate several hundred Feynman diagrams) we found that 
their contribution to the effective action contains In A UV divergences. Since these were absent 

A crucial issue is that of an invariant UV regularization. Since the AdS^ x action contains the WZ-type 
term with e"^ tensor there are many analogies with 2-loop computations in bosonic sigma models with Bmn 
coupling (see, e.g., [38l |39l [44] ) . Other technical issues discussed below are cancellation of IR divergences (which 
would be automatically absent in the static gauge but formally may remain in the conformal gauge since some 
of the modes are massless) and the lack of manifest 2d Lorentz invariance ("spontaneously" broken beyond 
quadratic order by our choice of the background) . 
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in the bosonic contribution, this contradicts the expected finiteness of the AdS^ x 5"^ string. 
Moreover, the coefficients of both the divergent and the finite 2-loop part happen to depend on 
the gauge-fixing parameter k. This should not happen in an expansion near a classical solution 
and suggests a potential problem in our method of computation which we are unable to resolve 
at the moment. 

For that reason we also redo the computation in a different «;-symmetry gauge T+O^ = 
which is a direct analog of the usual light-cone gauge in flat space. The AdS^ x action in 
that gauge is presented in Appendix D. There we show also that expanding the AdSr, x action 
near a null geodesic that wraps big circle of and computing the resulting 2-loop correction 
using r^^"^ = gauge one finds that it vanishes, in agreement with the BPS nature of the BMN 
vacuum state. Expanding near our background fll.lip . fll.12p using the light-cone K-symmetry 
gauge we find again that the 2-loop In^ A divergences do not cancel!^ 

Despite a problem with non-cancellation of divergences (due to our lack of understanding of 
how to implement the UV regularization in a way consistent with symmetries of the action) 
a strong indication of consistency of our computation of the finite part is that the non-trivial 
finite term in the 2-loop effective action is found to be the same in the T^O^ = and in the 
6^ = 9"^ (i.e. k = 1) gauges and like the bosonic contribution, it is again proportional to the 
Catalan's constant K. Moreover, combining the bosonic and the fermionic contributions to the 
2-loop coefficient 02 in (11.21) we find that 



which matches the numerical result (11.31) of [33] found from the EES [T] equation. Remarkably, 
it agrees precisely with the exact Catalan constant value of 02 found recently as part of an 
impressive complete solution of the BES equation in |61]1^ 

Thus, while we were currently unable to verify the 2-loop finiteness of the ^^5*5 x string 
action, an unambiguous conclusion of our work is the determination of the transcendental 
structure of the string prediction for a2 and its agreement with the result following from the 
Bethe ansatz equation of [1]. 

We make some concluding remarks in section 4. Some details of computation of 2-loop 
momentum integrals are discussed in Appendix E. 

2 Bosonic contribution to the 2-loop effective action 

The bosonic part of the ^^5*5 x superstring action in the conformal gauge is simply the direct 
sum of the standard 2d sigma models on AdS^ and S^. The corresponding quantum theories 

^^It is hard to attribute this lack of canceUation to a problem with the quartic fermion terms in the classical 
AdSz X action as given in Appendix A. Indeed, these terms provide the four-fermion entries of the tree-level 
scattering matrix which have been tested in [45|, I46j. Moreover, these terms contribute nontrivially in the near 
BMN expansion, leading, as discussed in Appendix D.l, to the expected cancellation of the 2-loop correction 
to string world-sheet partition function in the expansion near a null geodesic. 

^^We are very grateful to G. Korchemsky for sending us the draft of this paper prior to its publication which 
stimulated us in debugging the computation of 02 in the original version of our paper. 



a2 = K -0.29156 




TT 
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are decoupled before fermions are switched on. Here we shall consider the 2-loop contributions 
of the bosonic fluctuations near the string background (11. 111) . (11. 121) . 



2.1 General remarks on bosonic sigma model 

The 2d sigma model action is (here we assume a Euclidean world-sheet signature) 

/ = / (fa GM d'^x" de.x" , (2.1) 
Ana' J 

where in the case of our interest G^,^ is the metric of AdS^ x with radius a, y/X = If we use 
an explicit UV cutoff A — > cxd, the non-trivial power divergences in the partition function or in 
the effective action (computed by expanding near a solution of the classical equations of motion) 
should be cancelled by the covariant measure contribution m Z = j Y\ct dx{a)\jG{x{a)) e~^^^\ 
i.e. by the contribution of the counterterm 

AJ = -- / TrlnG(x) 5^^\a,a) , 5^^\a,a) = -^A' (2.2) 

added to the bare action@ 

If we use covariance-preserving dimensional regularization all power divergences will be absent 
automatically, i.e. the only potential divergences at the 2-loop level will be ^ ~ InA and 
^ ~ In^A ones. As at the 1-loop level (ll.lSp . the logarithmic divergences are expected to 
cancel at the end between the bosonic and fermionic contributions. 

At the same time, it is easy to see that In^ A divergences should cancel separately for bosons 
(and thus also separately for the fermions). This follows from the basic renormahzation prop- 
erties of the sigma model in the case of the target-space metric corresponding to the Einstein 
space Rfj,u = kG^y. Indeed, let us recall few basic facts about 2d sigma model renormahzation 
in dimensional regularization (see, e.g., [MlllHlEnj). Using subscript to denote bare quantities 
and /i for the renormahzation scale we have for the partition functioij^ 

dZ dZ 

Zo(Go,e) = Z(G,^) , ^_+/?._ = o. (2.3) 

Here = 2 — 2e, - ~ InA ^ oo and 

Go = fi-^' [G + -T,iG) + ^T,iG) + ...], (2.4) 



^^This covariant measure factor may be understood as appearing from a 1-st order "phase-space" formulation 
upon integration over the momenta. More generally (in the bosonic sigma model context), the quadratic 
divergences may be absorbed into renormahzation of the dimension "tachyon" coupling, so in the bosonic 
string context the choice of the measure is like a choice of a bare value of the tachyon field (see, e.g., [47]). 

Since we will be expanding near a classical solution, we will not need to worry about field renormahzation; 
the parameters of our background cannot get renormalized. As was already mentioned above, for a homogeneous 
solution there is also no reason to expect any change in the form of the background due to quantum corrections 
to the effective action. 
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so that from = we get 



^-l^r''^^^- ^ = 2(l-G— m, (2.5) 



To the 2-loop order 



;i-^-^mHi-G-|.m-^T,. (2.6) 



(Ti)^, = ^a'R^, + ^a'^R^afs^RJ"''' + ... , (2.7) 



{T2)^u = ^a^D'^D^R^, - D'^D.R^^ - D^D^R,^ + D^D^R) , (2.8) 

P^u = a'R^, + ^a'^R^o.f^^RJ'^^ + ... . (2.9) 

In the case when the metric is the direct product of the AdS^ and 5"^ parts the Ricci tensor is 
covariantly constant so that for each factor T2 = 0, i.e. there are no ^ ~ In^ A divergences!^ 
For the sigma model (with radius a playing the role of the running coupling constant) 
we have R^ap-y = -^{G^l|3Ga■y — Gf^-yGa/s), Rflu = ''^2 G^u so that 

/Y _ 1 1 1 ^2 

The corresponding 2-loop beta-function is of course the same as for the 0{N + 1) sigma model 
[511 [52], i-e. (for a' = 1) we get /9 = ^ = (A^ - 1)(1 + ^) + .... For AdSN one needs to invert 
the sign of the first term (a^ — — a^). 

The coefficients of the logarithmic divergences in the sigma model effective action computed 
in a particular background should be consistent with these general results. The divergent part 
of the effective action should be cancelled by the cutoff dependent terms in the bare sigma 
model action. Evaluated on the background ( 11. lip the latter is given by (for the part of the 
bosonic action, N = 5) 

= -k2^-2=(VA + H + ^-i- + ...) J dr , (2.11) 

where we used that in the scaling limit —w"^ = we get — — > — 2k^0 



^°The cancellation of In -divergences implies also the cancellation of In-divergences with transcendental coef- 
ficients like In 2 or Euler constant 7. 

The 1-loop coefficient here agrees with the UV divergent term coming from the bosonic part of the 1-loop 
effective action (ITISl) . Note that i[lndet(-a2 + M^)]^ = ^V2lVPhi^ = gi^FaAf^. 
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2.2 AdS^ X 5*^ sigma model fluctuation action 



As a preparation for the 2-loop computation of the effective action let us now consider the 
AdS^ X bosonic action in conformal gauge expanded near the background fll.lll) . fll.l2l) to 
quartic order in fluctuation fields. 

We shall adopt the following parametrization of the AdS^ and parts of the metric 



ds' 



{ds^)AdS5 



1 -v2 



dz^dzk 



(1 - \z^Y 



(2.12) 

A; = 1,2,3,4, (2.13) 



{ds^ 



dx^ + dy"^ — {xdy — ydx) 
1 — — 



+ (1 - - y^) {dip"^ + cos^ ^ dcg + sin^ d(t)l) . (2.14) 



The somewhat unusual form of the metric is chosen so that to have a regular expansion near 
the solution fll.lip l^ As discussed in section 1.1 above, we will be interested in the special 
case of the formal analytic continuation (II.IUI) of this solution with the parameters given by 

([na), i.e. 



t = 0, = 

^ 4 ' 



X = 



03 = k{t + a) 



(2.15) 



Expanding the bosonic part of the string action to quartic order in fluctuations near this 
background 



TT 



t = t , Zk = Zk , x = X , y = y , 



1/} = - + 



(2.16) 



we get for the quadratic, cubic and quartic terms in the bosonic action 



dr J da Cb = J dT + j dr j da (A + A + A + •••) > (2-17) 



£9 



+ (5aV')^ + (<9a<^2)^ + {da^P^f + 4k tlj{dr(p3 + 1 (9^<^2) 



:2.i8) 



47r 



2k{x'^ 



(2.19) 
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The standard metric (ds'^)s^ 



■ sin^ 9 {dip^ + cos^ ■0 dt/ij + sin^ ip dcf)^) is related to the 



above one by the fohowing coordinate transformation: x = cos 6 cos ( 



cos u sm (pi . 
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3(4)' (-2(a,t)' + {d^lnf) 



247r L 



) 



(2.20) 



Let us now make a few remarks. 

Since the background values in 02.151) . 02. 161) depend on k only in combination with world- 
sheet coordinates, we can factorize the /^-dependence in the Lagrangian (£ k^C) by making 
the rescaling 



This rescaling gives an equivalent theory assuming that scale invariance survives at the quantum 
level; this is not the case in the pure bosonic theory but should be so once fermions are added. 

After the rescaling by k (and assuming the cutoff dependence cancels out at the end) the 
string action on R^- x (5^)0- will depend on k through the upper limit of integration 27rK over 
rescaled a. In the limit /c 00 we are interested in we can then decompactify the spatial world- 
sheet dimension and thus use momentum representation with continuous spatial components. 

The 1-loop correction to the effective action that follows from fl2.18p can be easily seen to be 
in agreement with the bosonic part of fll.17p . fll.18p . The quadratic part of the fluctuation action 
f l2.18p can be diagonalized by a (non-local) "rotation" of the three fields (see ^TJ). This will 
bring in one massive and two massless modes in the {i/j, Lp2, sector. The resulting quadratic 
fluctuation part of the superstring action will have the form of 2d Lorentz invariant collection 
of massive bosonic and fermionic fields, but higher-order terms in fluctuations will no longer 
have 2d Lorentz invariance (which is "spontaneously broken" by our choice of the background). 
Expressed in terms of the "rotated" fields the interaction terms will have non-local form. For 
that reason here we choose not to perform this diagonalization explicitly and use non-diagonal 
propagator instead. 

As was already mentioned, in conformal gauge the bosonic contributions of AdS;^ and 
parts factorize. If we formally set k = in fl2 . 1 81) . fl2 . 1 9p . fl2. 20p . i.e. consider the case of trivial 
background in all directions, then the AdS^ and contributions to the partition function will 
become similar!^ 

In the action fl2.17p we assumed the Minkowski world-sheet signature (— , +); the action is not 
real because of our choice of the imaginary value of the winding parameter m. The Euclidean 
action obtained by continuing r ^ ir is also not real but the imaginary parts are linear in k 
and derivatives, so the partition function and the effective action will be real. We shall continue 
to Euclidean signature at the level of momentum-space integrals. 

2.3 Structure of 2-loop quantum corrections 

The computation we shall describe below may be viewed as a special case of computation 
of 2-loop correction to a mass of a sigma model soliton. In general, the mass is determined 

^■^The fact that in the AdS^ part we have only quartic interaction while in the part we also have a cubic 
one is an artifact of a particular parametrization and the choice of the expansion point used. 



KT 



T. 



a 
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by a logarithm of the partition function computed on a time interval with soliton boundary 
conditions |28] . In the present case of a homogeneous field configuration it turns out that there 
is no distinction between the connected and simply connected graphs, so we shall consider the 
2-loop correction to the 1-PI effective action. Also, the homogeneous ( "delocalized" ) nature of 
the field configuration implies there is no non-trivial issue of separation of the contribution of 
zero modes (cf. [28]). 

The 2-loop contributions to the effective action in a theory like fl2.17p with three-point and 
four-point vertices is given by the Feynman diagrams of the two topologies shown in figure 
[TJ In general, the lines in these diagrams may be either bosons or fermions. The 2-loop 1-PI 




Figure 1: Two-loop contributions (momentum conservation Qi + qj + = is assumed), 
effective action is then given by 

r = V2T , r = Fi -|- r2 + ... , F2 = FcuMc + Tquartic + (^rmcasurc • (2-21) 

Here V2 is the volume factor as in fll.lTp (our background is homogeneous), i.e. F stands for 
the effective Lagrangian. ^Fmeasure is the contribution coming from the measure counterterm 
(12. 2p expanded to quadratic order in fluctuations, i.e. (after Wick rotation) 

SC^-l [35^ - - 2f - + 0(4?)] I pig,^ , (2.22) 

where / ^^^^^^^.2 is the (correctly normalized) integral representation of ^'•^•'(O). The insertion 
of this counterterm into a 1-loop diagram will cancel all quadratic divergences in the 2-loop 
effective action. We will be using the dimensional regularization with as a renormalization 
scale and d = 2 — 2e since this is an invariant regularization preserving the symmetries of 
the sigma model. Power divergences can be ignored in dimensional regularization but it is 
sometimes useful to track their cancellation against the measure as a check of combinatorial 
factors. 



To compute the 2-loop diagrams we need to work out the propagator. The quadratic terms 
in (12.180 contain off-diagonal mixings which can be readily diagonalized as in [27] . However, we 
found it more convenient to keep the propagator off-diagonal. Ordering the fluctuation fields 
as follows 

= {i; (5i, Z2, Z3, h); (£, y); <p3)} (2.23) 
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one finds from (12.181) 





/- 


1 
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V 


















r+4 

2qi 







2gi 



g2(g2+4) 
2i go 



<?2(„2+4) 

('?^)^-4gg 
(g2)2(92+4) 
2» gpgi 







-2^go 
g2(g2+4) 
2» gpgi 
(g2)2(g2+4) 
{g^)2+4g2 



(2.24) 



g2(g2+4) (^2)2(^2+4) (g2)2(fc2+4)/ 

Here = [qo^Qi) is 2-momentum. We have rescaled tfie coordinates by k (with k — > oo) and 
will assume that momenta take continuous values. Continuation to Euclidean signature is done 
by ^0 ~^ ""^'Zo- This eliminates i-factors from the propagator. The 1-loop effective action is 
then Ti = ^Trln A and agrees with (fTTTD . dTTSD 



Defining the cubic vertex as Vijk{qi, Qj, Qk) 
fluctuation Lagrangian corresponding to (I2.17P as 



03 £ 



i.e. writing the (Euclidean) 



we can compute the contribution of the graphs with topology (a) in figure [1] as 



(2.25) 



cubic 



C3 



C3 



J (27r)2'^//2d-4 ^ijkVi'j'k'^ii^ ^jf^kk' 



4n 



y^J (27r)2V^-4 



(J1+X2+J3+X 



(2.26) 



wheri 



C3 = -tt: 



1 
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is the combinatorial factor of the diagram and we have solved the vertex momentum conser- 
vation constraint by setting = —{qi + qj). We assume that continuation to d dimensions 
is done at the level of the momentum integrals, and /i-factors are introduced to balance the 
dimensions. The overall factor of is included in the volume V2 in (12.211) as in (II. 171) . (II. 191) . 
There are many equivalent expressions for the integrands Ii, I2, I3 and In] the one which 



^''We may formally ignore the "ghost" nature of the i fluctuation and then the 1-loop contribution of two 
massless "longitudinal" modes is cancelled by the conformal gauge ghost contribution to the partition function. 
The "ghost" sign of the time direction is irrelevant also for the higher-loop corrections: since time direction 
enters the action only quadratically, it can be integrated out once and for all (e.g., with t ^ it prescription 
to make Euclidean path integral convergent) and that does not lead to any sign changes compared to the case 
when t would have "physical" sign. 

^^Here we assume Euclidean continuation, i.e. e^'" — e^'^, S — J (PaC. 
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exposes both the UV and IR convergence properties of the loop integrals is 
4 



2 , 4 



+ 



14 + 



16 



[qfq] {qf + 2) {q] + 2) {qf + 4) (g| + 4) 



(2.27) 
(2.28) 
(2.29) 



2\2 



(qnqjo + qmji] 



8{qt + q-~ql) 



2 \2 



(Qf)' (Qf + 4) {q]r [q] + 4) {ql + 4) 
16 

(qf)' (qf + 4) [q] + 2) (ql + 2) 



(2.30) 



~ {qioqjo ~ qiiqji){qioqko ~ qnqki] 



(qfy (qf + 4) q] {q] + 4) ql {ql + 4) 



In (ESHD d = 2- 2eH We also continued to Euclidean space by replacing qjo — > —iqjo, so that 
in the above expressions g| = g|o + ^li- 

Xi and X2 give rise to UV-divergent integrals; the integral of Xi contains power-like divergences 
and the integral of X2 - logarithmic divergences. The first two terms in X2 and the first term in 
X3 give rise to IR-divergent integrals. In addition to the dimensional regularization for the UV 
divergences we shall introduce a small mass parameter tuq to regularize the IR divergences]^ 

The subscript on X/v is used to indicate that this integrand does not look 2d Lorentz 
invariant. However, the integral of Xtv (which is UV and IR finite) can be expressed in terms 
of Lorentz-invariant integrals. While the original sigma model action (the string action in 
conformal gauge) is 2d Lorentz-invariant, this symmetry is spontaneously broken by a choice 
of the background in fl2J[5D . fl216D . i.e. (cf. i^M)) 



cos'0(i(^2 = Nada" 



sin -0(^(^3 = N^da^ 



K 
71 



(1, 



N* 



K 

7! 



1,^). (2.31^ 



The 2-loop effective action then depends on the background through the mass terms (pro- 
portional to N*N°' = — K^, etc.) and also through the explicit factors of and A^* in the 
denominators of momentum integrals. Indeed, 2n in (12.301) is proportional to 4 factors of these 
vectors. Since the rest of the momentum integrands are Lorentz-covariant, they can be reduced 
to products of contractions between and N* factors and scalar Lorentz-invariant momentum 
integrals. We shall illustrate how that happens below. As a result, the corresponding term in 
r2 will contain 4 factors of first derivatives of the background fields, i.e. will be proportional 



^Here qi and qj denote two momenta without any summation over i,j and qk = —{qi + qj). 



2'^The factor 
integration: / '^''^ 



^ in (j2.28|) came from a reduction of a tensor integral to a scalar integral due to symmetric 



^^We will not use regulators in finite integrals. 



(<2f+4)(g|+4) 



. In general, / 



d'^q 



1 <t 



d-'q r)°^g" 
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to (j)') dn(h '),d^ (j)?, dn (j)?, + ... with coefficients that are given by Lorentz-invariant momentum 



integrals 
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Similarly, for the contribution of the quartic vertex in (12.251) Vijki = Qi^.Qi^.Qi^^Q^^ \ $_q to the 
diagram (b) in figure [T] we find 



- _ /• d'^Qid'^qj A-iA-i_ 4^ /" d'^QidUj 

Tquartic " ^4 J J^^^^f^^J^ ^ijkAij \l ~ ^ J (^^^M^^M^i Wl + ^2) , (2-32) 

where 

1 

is the combinatorial factor. Despite the relatively complicated-looking quartic Lagrangian 
(I2.20p the integrands J^i and JJ2 are very simple: 



24 



^1 ~ 3" ~ „2 , n ' (2.33) 



J ^ ? 32 /2 34^ 

' {q! + 2){q] + 2) {qf + A){q] + A) ' ^ ' ^ 

Both J7i and J72 lead to UV-divergent integrals - power-like and logarithmic, respectively. 
The contribution of the measure counterterm (12.221) is 

— ^ J (2^)2^2'^-^ Vg2 q2 + 2 q2 + 4; • l^-^^J 

It is not hard to check that it cancels all power-like divergences in the 2-loop integrals in (12.261) 
and (I2.32p . In particular, it cancels the contribution of the J^i integral in (I2.33p . 

Let us note that if we formally consider the theory (12.171) defined on R x R and set k = 
then the corresponding 2-loop effective action will be given by (I2.2ip with (12.260 containing 
only "massless" limit ^ of Xi in (12.271) and with (12.321) containing only the "massless" limit ^ 
of J'l in (12.331) . Their sum is then cancelled by the "massless" limit of the measure contribution 
(I2:35|) (with the integrand ^). Thus T2{k ^ 0) ^ 0. 

2.4 Evaluation of 2-loop momentum integrals 

Combining the above 2-loop contributions we get for (12.211) 



1^2 Tcubic ~l~ Tquartic ~l~ <^rmeasure 



4:71 f d qid qj 



v/A J (27r)2'>!/i2«!-4 



(-^^2 + ^J2)-^(X3+X^) 



(2.36) 



^^Let us note that the use of dimensional regularization in a situation with Lorentz invariance spontaneously 
broken by either the background or by gauge choice is not uncommon (cf., e.g., discussions of YM theory in 
lightcone gauge [S3]). 
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Here the contribution of the first parenthesis contains all UV divergences. It turns out that the 
contributions of states with mass-squared equal to 2 cancel between the topologies (a) and (b). 
Then we get {d = 2 — 2e) 

lie 1 11 1 V ^ ^ 

The contribution of the second term in fl2.37p is UV- finite but IR-divergent. As was mentioned 
above, we shall regularize this IR divergence by introducing a small mass nio. Using the 
standard integral 



d'^q 1 1 TT f n 



,2 



{2t:Y q^ + M2 (47r)'^/2 r(2 - e) sin(7re) 
47r '- e M 2 



^[^ + l-7 + ln^ + 0(e)] , (2.38) 



we then finqfj 
1 



i + 3_27 + 21n(7r/i2) + iln2(!5j 



4- fd\d\^^^^^^^ ^ ^2_3g^ 



12VA J {2tt 



As expected for a symmetric-space sigma model, the double-pole ^ UV divergences cancelled 
out (cf. ( I2.8p . (12.1ip ). The effective action is found by multiplication of this expression by 
V2 = 2TiK^f as in ffLTOl) . 

Next, let us compute the integral of T3 in fl2.29l) . fl2.36p . writing it as 

h = j ^-^^ (^3,1 + X3,2 + 13,3) = hi + h,2 + h,3 . (2.40) 

The integral of the first term 

r d\id^qj 24 

with two massless propagators is IR divergent and we need to regularize it by mo — > 0. This 
leads to an integral which is a special case of the following integral with 3 massive propagators 
with at least two equal masseq 



J31 



KM M') = I - r2 42) 

^ ' ^ ' (2^)4 (qf + M^)iq] + M'^)[{q, + q,y + M'^] ^ 



■^°Here 7 = ^ ^(1) — 0.5772... is the Euler constant. Let us also recall that we have rescaled the world-sheet 
variables by k. If we did not do this but still formally decompactified the spatial direction of the world sheet 
we would get the first term here as 

■^^We may solve the momentum conservation condition as qk — —{qi + qj) or as qj ~ —{qu + qi)] the final 
result is the same. 
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The calculation of this integral is standard: we Feynman-parametrize the propagators with 
equal masses and do the integral over qj with the result: 



I(M, M') = — [ dx [ 
4vr Jo J 



' (2.43) 



(27r)2 (g2 + M2)[a;(l - x)qf + M'2] 



There is no need of Feynman parametrization for the second momentum integral; computing 
it directly leads to 

1 In 1^ + ln[x(l - x)] 
/ M, M') = — — / dx — ^ . 2.44 

For generic values of M and M' the remaining integral leads to a hypergeometric function. 
However, fl2.41l) corresponds to M = 2, M' = tjiq 0. Expanding fl2.44p in M' = itiq — > we 
get for flCTj) 



(^3,l)mo-^0 



(4^) 



3 ^4:' 



:2.45) 



Multiplying this by the —j2^ factor in ( 12.39P we conclude that the IR divergence from Ja^i 
cancels the one in (I2.39p . so that the bosonic part of the effective action is IR finite@ 

For the second term T^^2 we need (12.421) with M ^ = 4 and M'^ = 2, with (12.441) then giving 



'3,2 



d^Qid^Qj 48 



24 , lnf2a;(l - x)] 48 

' dx \ ^ ^ = - — -K . (2.46) 



(47r)2 7o 2x{l -x)-l {An) 
Here K is the Catalan's constant, 



K = y , \ = — r^'(i) - ^'(1)1 = 0.915966... , (2.47) 

^(2fc+l)2 16 L ^^'^ ' ^ ' 



where 



<if'(z)=Mz)^^\nT{z) (2.48) 

is the trigamma function!^ For the third term in X3 in (I2.29p . (l2.36p we need (12.420 with 
= M'2 = 4 so that 



3,3 



d^qid^qj 24 



(27r)4 (qf + A){q] + A){{q, + q,y + A) 



■^^This is of course what one should have expected since we are computing a physical quantity: the value of 
the (global symmetry invariant) effective action on a classical solution, cf. [5^ Mj . 

■^•^It admits the following series representation ipi{z) — X]^o [z+n)'^ ^^'^ satisfies a reflection formula 
ipi{l - z) + tpi{z) = TT^ csc2(7rz). Note also that t/ji (i) tt^ + 8K. 
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where 



K = ^ [^'(i) + ^'(|) - ^'(1) - ^'(1)] = 0.585976... . (2.50) 



Let us note also an alternative representation for K similar to the one for K in fl2.47p which 
follows from the series representation for '^'{z) 

The calculation of the integral of Xjv in (12.301) is described in Appendix E. 

Combining the partial results (12.45p .f l2^46|) .( ]2.49"|) and ( IE. 181) we find that the terms propor- 
tional to K cancel out in the sum of the integrals of X3 and Xjv in (12.361) and thus the final 
expression for the bosonic contribution (12.391) to the 2-loop effective Lagrangian iJ^ 



TaB = (^[- + 3 - 27 + 2 HiTfi^)] - 2Kj . (2.52) 

The divergent part here is consistent with the general form of the counterterm in (12. 71) . 02. 101) : 
the divergence cancels in the combination of (12.521) with the bare classical action in (I2.11l)l^n 

The fermionic contribution is expected to cancel the divergent part and the associated finite 
terms, i.e. the square bracket in (I2.52p . 

The non-trivial finite bosonic contribution to the 2-loop string coefficient 02 of In 5" in 
([III]),([L2D is then proportional to K: it is found as in ffLTgD . fOOD by multiplying fl232D by 
27rK ^ 2 In 5* and changing the overall sign according to (II. 9p , (I1.13P . This gives 

= -K ^ 0.29156 . (2.53) 

TT 

Surprisingly, this matches the numerical value in (11.30 up to the sign. However, we are still 
to include the contribution of the 2-loop graphs involving fermions and it indeed appears to 
reverse the sign of the total value of a2. 



3 Fermionic contribution to the 2-loop effective action 

Let us now turn to the contribution to the 2-loop effective action coming from diagrams con- 
taining fermionic propagators. The relevant terms in the AdS^ x Lagrangian expanded near 
the background (I2.15P can be symbolically written as 

£p = -9K9 + {eMie)Yi<^ + {eM29)<^Y2<l> + (^M3^)(^M4^) . (3.1) 



We thank M. Staudacher for mentioning this representation to us and for emphasizing that K and K have 
the same "transcendentaUty" (of. [55]). 

■^^The rational term in the finite part of (I2.39P also cancells out between the I3 and In contributions. 

^^The RG equation in (|2.3p is verified by noting that the coefficient of In /i term in (|2.52p is twice compared 
to the one in the 1-loop result (cf. (|2.38p ). 
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Here $ stands for the bosonic fluctuation fields (12.231) and K, M„, are combinations of Dirac 
matrices, numerical tensors and world sheet derivatives of the form A + 3°" da- Their explicit 
form follows directly from the relations given in Appendix A but are rather lengthy so we will 
not give it explicitly here. 

As was already mentioned in the Introduction, because the fermionic kinetic term is only 
linear in derivative while the interaction vertices contain up to two derivatives, the GS string 
theory is formally of non-renormalizable type; this will manifest itself in the presence of higher 
power divergences. 

Assuming the theory is actually finite, all of power divergences are expected to be cancelled 
by the contributions of the path integral measure and ^-symmetry ghosts (see Appendix C for 
a discussion of this in the fiat space case). Alternatively, one may choose to use dimensional 
regularization in which all power divergences are automatically set to zero. Then the remaining 
In A ~ ^ divergences should cancel separately in the fermionic sector while the InA ~ - 
contributions should cancel against the bosonic divergence in (I2.52p . 

There are several potential ambiguities in how one deals with divergent integrals. Since 
the GS action contains a WZ type term with e"^ tensor, this creates a potential problem 
with direct application of dimensional regularization^ We shall assume that the dimensional 
regularization is applied only to scalar integrals at the last stage (after all power-divergent parts 
of the momentum integrands are separated), i.e. that all tensor algebra is done in = 2; in 
particular, we shall assume that e"^ is not continued away from d = 2@ 

Our assumption will be that such a restricted dimensional regularization prescription is 
consistent with the basic ^-symmetry of the theory at the quantum level. This is by no means 
obvious and a problem with ^-symmetry gauge dependence of the 2-loop result that we will 
encounter below appears to be an indication of a problem with this prescription!^ 

One natural choice of the ^-symmetry gauge (used at the one loop order in [9], [10]) is 9^ = 6^. 
This gauge is possible in type IIB string action where both Majorana-Weyl fermions in the 
GS action have the same chirality. One of its advantages is preservation of global bosonic 
symmetries of the action. More generally, we may consider the gauge 9^ = k9'^ where is a real 
parameter (see Appendix B). Cancellation of fc-dependence in the resulting effective action, i.e. 
its gauge-choice independence, would be a check of consistency of our computation procedure 
(in particular, of the regularization we use). 

Let us first comment on the structure of the fermionic 2-loop contributions in the simpler 
case of A; = 1 gauge. The quadratic part of the gauge- fixed action follows from (lB.3p . flB.4p and 

■^^Let us note also that the parameters of the K-symnietry transformations are 2d self-dual vectors. 

^^This is somewhat different from the case of the bosonic sigma model with an antisymmetric tensor coupling 
[38l[39] where one could assume that e^^^e^* = f{d){'q°'''-q'^^ - r]°'^'qP-<) where f{d) = 1 + a(d- 2) + and then 
show that a regularization scheme ambiguity related to the choice of the coefficient a can be absorbed into a 
redefinition of the sigma model coupling parameters. 

■^^The standard proof of gauge-independence of on-shell effective action assumes that gauge symmetry in 
question is preserved at the quantum level, i.e. implicitly assumes the existence of an invariant regularization 
(but the power counting renormalizability of the theory is of course not required). 
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is given by 

Cf2 = V2i^0 [Tsid^ - idr) - T^{d„ + idr)] 9 + 2iK^T,TsTge = \o^Ke . (3.2) 
This leads to the propagator (where we again rescaled the momentum by k) 

K-\q) = / [r8(go + ^qi) + r9(Qo - iqi) - iV2Tj:^V^ C . (3.3) 

4V2(g^ + 1) L ^ 

As a result, all fermionic modes have mass equal to 1, while the bosonic modes in fl2.24p had 
masses equal to 0, a/2 and 2 (cf. the corresponding 1-loop expression in (11.181) ). 
There are 3 different types of 2-loop diagrams involving the fermions (see (13. ip ): 

(i) diagram in Figure 1 (a) with two fermionic and one bosonic propagators (we shall call it 
"FFB" since it originates from the Yukawa interaction in (13. ip ): 

(ii) diagram in Figure 1 (b) with one bosonic and one fermionic propagators (originating 
from the "FFBB" interaction); 

(iii) diagram in Figure 1 (b) with two fermionic propagators (coming from "FFFF" vertex). 
The most non-trivial contribution with the integrand containing two fermionic and one 

bosonic propagator may come only from the FFB diagram. Thus on general grounds we may 
expect that the finite part of the fermionic contribution which should supplement the finite 
bosonic contributions in (12.460 and fl2.49p should be given by a combination of two possible 
finite integrals of the general form (12.420 ^ 

r/,/^ n = /" i = —K C^A^ 

r (Pqi(Pqj 1 _ ln2 

J (27r)^ + + + + 4] " 8^ ' ^^-^^ 

where in computing the integrals we used (12.441) and K is again the Catalan's constant as in 

((23Z!). 

It turns out that only 1(^2, 1) in ([331) appears as a result of the actual computation of 
the FFB graph. This leads to the conclusion that the finite fermionic contribution alters the 
coefficient of the K-term in (I2.52p . (l2.53p . Assuming all other possible finite contributions like 
In 2 which accompany logarithmic divergences (as in the square brackets in (I2.52p ) should cancel 
out, we are then led to the following final answer for the coefficient 02 in (11.21) (cf. (I2.52p . (l2.53l) ) 

^2 = a2B + «2F = -(1 + cf)K , (3.6) 
vr 

where the coefficient Ci;' of the fermionic contribution remains to be determined. The result 
for cp in the k = 1 gauge (and also in the light-cone type gauge) appears to be cp = —2 (see 
below) . 



*°The third possible integral /(0, 1) = / {2-„)i' (g2+i)(g^_(^i)(^._|_g.)2 is IR divergent (cf. (|2.45p ) and does not 
give a non-trivial transcendental contribution to the finite part. It does not actually appear in the result of the 
computation. 
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Let us now turn to some technical details of the actual computation of the fermionic graphs 
we have done. Since the fermions are Majorana (we choose them to be real), the vertices in 
fermionic bilinears in the action should be antisymmetrized, i.e. in (13. ip should stand 
for |(Mfc — Mj)0 Then the 2-loop contributions to the 1-PI Euclidean effective action F = 
-[lnZ]i„p/ coming from (|3JJ) are given symbolically by@ 

FEB: -e xi^ X Tr[MiK-^{p)MiK-\-q)]YiYiA-^ 

FEBB: ix^ X Ti[M2K-'^]Y2A-^ 

EFFE: -Ai xP x {TilMsK-^jTilM^R-^] - 2Ti[MsK-\p)MiK-\-q)]) 
The total number of fermionic 2-loop Feynman graphs one needs to evaluate is around few 
hundred. With the help of a Mathematica-based computer program we computed the resulting 
integrands in the fermionic contributions to the 2-loop effective action represented in the form 
of the double momentum integrals as in (I2.26l) . (l2.32p . We found that in the 9^ = kO"^ gauge the 
integrand depends on the gauge parameter k through the combination 



i={k-k-'f (3.7) 



and, unfortunately, this dependence does not cancel automatically. We have re-arranged the 

2 

integrands so that to extract power divergences (using transformations of the type 2^j^^2 = 

1 ~ pi+rn^ ) i ^^e latter were then set to zero by switching on dimensional regularization. We also 
used the expressions for momentum integrals from Appendix E.2. As a result, we found that 
the In^ A ~ ^ plus In A ~ ^ UV divergent part in the 2-loop effective action is coming from 
(cf. (II2I]),(I2!36]))@ 

27r 

T^F = -^X , (3.8) 

^oo = ( - 8[1, 2] - (4 - 60[1, 4] + (4 - 20[1, 1]) + (8[1, 2] + 4[1, 4] 

2 1 24 -I- 221^ 
+ -(4 + 0(-36 + 10 + + 40)[1, 1] = 6e[l, 4] + 1-^[1, 1] . (3.9) 

Here the three terms are the contributions of the FEB, FEBB and EFFE graphs, respectively, 
and 

where /(a) was defined in fl2.38p . Thus [a, b] contains the ^ + 7 divergences. The four terms in 
the last EFFE paranthesis represent the contributions of the [OVOY term in flB.7p . of the term 
with F'^'' in flB.7p . of the term with F" in flB.7p and of the last term in flB.8p . respectively. We 



find that the [1, 2] terms in (13. 9p cancel, but there is no cancellation of the remaining terms, 
contradicting the expected conformal invariance of the theory. 

In general, one may expect that in a (globally) supersymmetric theory the regularization of 
the fermionic and bosonic parts of the action should be done in some consistent way. For bosons 



^"'^The antisymmetrization should apply also to derivatives in Mk (in Y2 one should symmetrize them). 
-^^If the Minkowski space action is S' = i$A$+i6'i^e'+... then e*^ = ex:p[-\^{il^~^)~^^-\e{iK-^y^l 
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The resulting effective action computed directly in d = 2 contains no IR divergences. 
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we used dimensional regularization, and the cancellation of ^ pole in fl2.36l) . fl2.37p ensured also 
that the remaining ^ pole had rational coefficient. Even if we would manage to cancel the ^ 
pole in the fermionic contribution we would then need some sort of dimensional regularization 
producing (i-dependent coefficients so that - pole had rational coefficient to be able to cancel its 
bosonic counterpart. Which kind of regularization is to be used to ensure that is unclear at the 
moment. The required rationality of the coefficient of the - pole suggests that the coefficients 
of [1, 4] and [1, 1] terms in (13. 9p should, like coefficient of the [1, 2] term, be separately equal to 
zero. 

Extracting the non-trivial finite part with 3 propagators contained in the FEB contribution 
we find that it is given by the integral (13. 4p (the integral (13.50 does not appear) but its coefficient 
is also gauge (^) dependent 

Xfi, = (4 + 20/(v^,l) (3.11) 

This gauge dependence of the UV divergences and of the finite part which should not be 
present in the on-shell effective action is indicating a problem with maintaining K-symmetry at 
the quantum level in the computational prescription we have used. 

Given the unsatisfactory result we found in the 6^ = kO"^ gauge we decided to redo the 
computation in a light-cone ^-symmetry gauge which is the direct analog of the usual F^.^^ = 
gauge in which the fiat-space GS action becomes quadratic. The quadratic and quartic 
fermionic terms in the AdS^ x action in this gauge are listed in Appendix D. Using a similar 
computational prescription as described above we have obtained the following counterparts of 
eqs. (ESD and (l3ll]) 

= (8[1, 2] + 12[1, 4] + 8[1, !]) + (- 8[1, 2] - 12[1, 4]) 

4. , 260, , , , 

--(36 + 11 + 24)[1, 1] = - — [1, 1] , (3.12) 

Xfin = 4J(V2,l) . (3.13) 

Here the three structures in X^o are again the contributions of the FEB, FEBB and EFFE 
terms. The three terms in the last paranthesis represent the contributions of the (1D.16P term, 
of the ffist term in (lA.4p in the M.^ term in (lA.QD and of the second and third terms in (IA.4p 
in flA.9p . respectively. 

Again, the divergences do not appear to canceQ but one piece of good news is that the total 
coefficients not only of the [1,2] but also of the [1,4] structures vanish just as they did in the 

= 1 (^ = 0) gauge in (13.90 . Moreover, the finite term in (I3.13P is exactly the same as (13.110 
in the k = 1 gauge. 

Assuming that our computational procedure can be corrected so that the results in the two 
gauges fully agree with all divergences cancelling out and the finite part still given by (13.130 . (13.40 

^''Power-like divergences have been eliminated in both equations p.l2|) and ()3.9|1 due to our regularization 
scheme. It is, however, interesting to note that in a cutoff-based regularization scheme the power-like divergences 
appearing in the light-cone gauge are milder than those in the 9^ = kO"^ gauge. In particular, quartic divergences 
appear to be absent in the former gauge. 
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then that would resuh in the fermionic contribution to 02 in fl3.6p with Cp = 



-2, i.eS 



a2 = a2B + a2F = -(1 - 2)K = K ^ -0.29156 . (3.14) 

TT TT 

Remarkably, this is in good agreement with the numerical value (11. Sp found in [33j and repro- 
duces exactly the value of 02 found recently from the analytic solution of the BES equation in 



4 Concluding remarks 

In this paper we initiated the study of 2-loop quantum corrections in AdS^ x string theory on 
a particular example of the expansion near a simple "homogeneous" classical string solution. 
We used conformal gauge for the 2d diffeomorphisms and considered two different choices 
( "covariant" and "light-cone" ) for the /t-symmetry gauge. 

While we did not manage to completely sort out the expected cancellation of 2-loop UV 
divergences between the bosonic and the fermionic contributions, our computation revealed the 
special transcendental structure of the finite term in the 2-loop effective action that determines 
the next-to-next-to-leading order coefficient 02 in the strong-coupling expansion of the cusp 
anomalous dimension on the gauge theory side of the AdS/CFT correspondence. We expect 
that an improved version of our computatioE@ that will resolve the technical problems of 
apparent gauge dependence and non-cancellation of part of the divergences will not change our 
conclusion about the finite part determining the value (I3.14p of the coefficient 02 in (II. 2p . 

The reason why we have more confidence in our result for the finite rather than divergent 
part of the 2-loop contribution is that, as explained in section 3, the former is determined only 
by the quadratic fermionic terms in the AdS^ x superstring action (lA.Sp . while the latter 



depends essentially also on the complicated quartic fermionic terms (IA.9p .^ 



The result (I3.6p . (l3.14p for the 2-loop coefficient 02 suggests the following observation. It 
is interesting to note that the first three terms in the strong coupling expansion of the cusp 
anomalous dimension (II. 2p hint at a systematic expansion in polygamma functions. Indeed, 
ai in (ll.2p can be written as ai = — ^(\E'(1) — ^E'(|)) and 02 is proportional to the Catalan's 
constant K (I2.47P which contains only the values of the first derivative of the digamma function 
\E'(2;)@ It is therefore tempting to conjecture that the coefficient a„+i appearing at order A^"/^ 



^^In translating the result of computation of the fermionic loop contribution into the value of a2F we again 
take into account the overall sign change in the 2-loop term as required by (|1.13p . 

^^One may try to redo the same computation using a different fermionic parametrization of the AdS^ x 
action (e.g., like the one employed in [43]). It would be interesting also to attempt to do a similar computation 
by starting with the Bcrkovits formulation [26] of the AdS5 x action. 

''^There is of course an issue of apparent gauge dependence of the finite part (13. lip in the 6^ — k9^ gauge, 
but given that we got the same finite results in the two very different gauges - 9^ = 9^ and the light-cone gauge 
- we are inclined to speculate that there is some problem with the computation in the k ^ 1 gauge. 

^^One may wonder if the actual mechanism of cancellation of UV divergences may leave behind a finite piece 
containing In 2 terms. The presence of such In 2 terms could be in conflict with the "transcendentality principle" 
assuming one extends it from weak-coupling [M] [T] to a strong-coupling expansion. We thank M. Staudacher 
for this remark. 
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in the strong coupling expansion in (11.11) . (11.21) will be a combination of values of derivatives 
^^"''(^) at rational arguments. A potentially related structure may follow from the strong 
coupling expansion of the BFKL kernel which at weak coupling expresses the finite spin twist-2 
anomalous dimensions as an expansion in derivatives of the digamma function (see [5Bj for a 
comparison between this approach and the Bethe ansatz predictions). 

Similar 2-loop computations can also be done for some other special string solutions, for 
example, for the 2-spin (Ji, J2) solution in S^. This solution further simplifies in the limit 
Ji ^ J2, and the 1-loop correction vanishes [57]; the same is expected [SB] to happen at the 
two (and higher) loop level. The methods of the present paper allow one to verify this. 
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Appendix A: AdS^ x superstring Lagrangian 



The starting point of the 2-loop computations in this paper is the type IIB Green-Schwarz 
AdS^ X superstring action I = J cPcr C which is the sum of the "kinetic" and "Wess-Zumino" 
term 



I^Kin + C.WZ — — — 



27r 



ds s 



f3s 



(A.l) 



The explicit form of this action to quartic order in 9 (which is sufficient for our present purpose) 
was presented in [1]. The exact solution of the Maurer-Cartan equations for the supervielbeine 
was given in [5] (see also [6]). The AdS^ x 5"^ supersymmetry algebra and thus the resulting 
string action of [1] can be rewritten in terms of lOd Dirac matrices making it independent of a 
choice of a particular representation of F"^ [59] (see also [HI HD] and [10])J 
In the above expression /, J = 1, 2, s''^'^ = (1, —1), = {L^g)s=i and 
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IJ 



J rSil0h{sM) 



(A.2) 



^^This "lOd covariant" form of the action naturally conies out of the general form of GS action in type IIB 
supergravity background ^ once one specifies the curvature and the 5-form field to their AdS^ x values. 
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DO' = Ve' - y-^e^TJ^Ae^ , Ve' = de' + ^u^^'TabO' , = dx^ e;^(a;) (A.3) 

{M'y^ = -e^-^vj:^e-^e^VA + '^e^^iv^e^e^VabV, - v'^'e^e^Va'b'K) . (a.4) 

Here D^^ = 0. The indices run as follows 

= 0,1,2,...,9] A={a]a')] a, = 0, 1, 2, 3, 4 ; a', 6' = 5, 6, 7, 8, 9 

For Dirac matrices we used the notation from [IQ] 

r,^ = «rorir2r3r4 , r'^ = irsFeryrgrg , r^^r'^ = -nr* = Th , (A. 5) 
= — r'^^ = 1 , Fii = — roi23456789 ) ^ii = 1 • (A-6) 

Here Ta are 32 x 32 Dirac matrices, T(^a^b) = Vab = +!> •••) +1), and Fn defines the 
lOd chiral projectors. We also assume the standard hermitian conjugation rule for fermions: 

{^l^xY = xH^- 

In the type HB string action the fermions are Majorana-Weyl of the same chirality, e.g., 
9^ = Tii9^ . The Majorana condition 

9 = 9^C , 9 = 9^r^ , = -C , Fa = -C'^TIC . (A.7) 



can be solved by choosing C = F° and thus having 9 realO In the specific representation of 
F-matrices used in [H HO] Fn = Jig x as, so that "left" spinors satisfying 9^ = Tii9^ have 
lower 16 components equal to zero. The final result of our computation should not depend on 
a choice of a particular representation of F^ and C. 

To quartic order in fermions the fermionic part of (lA.ip is (£ = Cb+jCf, Cp = CF2+(^Fi+ ■■■) 

^Cf2 = i{rfH'' -e-h'')Wj,^D,9' 
V A 

= i{rfH'' - e-^s'')¥^^ - \e'^Y4,\ 9^ , (A.8) 

—U, = {t^5'' - e"^s") [-9'^^M^j^Dp9^ + -{9''T^DJ''){9'TaDp9')] (A.9) 

Here we used the conformal gauge \/—hh'^^ = rj'^^ and 

= etVA , et = e^d^xP , Vp = dp + icu/^F^s , u^^"" = u/^'d^xP (A. 10) 

The metric, vielbeine and spin connection are those following from the AdS ^^ x metric fl2.12p . 
In particular, the non-zero background values are (see (12. 121) . (12716]) ■ (]A.20p F^I 



/^Fab = V2KTjiT8 - Fg) = 22F7^ , co,^''Tab = -iV2KTriT8 + Fg) = -2zF7^ 



50pQ]- Majorana fermions of the same chirality ^iTAi...Anip2 is non-zero for n=odd and is symmetric in 
ipi, "02 for n — 3,7 and antisymmetric if n = 1, 5, 9. 
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We recall that the AdSs and coordinates in (P?T^ . (im)) are labeled as 0, 1, 2, 3, 4 and 5, 6, 7, 8, 9. 
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Let us list the general expressions for the projected vielbeine = e^daX^ for the AdS^ x 
metric in fl233|) . fimj) 

el = l^^^d^t, ei = -\-^do^z\ A: = 1,2,3,4 (A.12) 

1 — 7-2; 1 — 



el = -XLj^d^x + ^=d.y , el = (A.13) 



el = - x2 - , (A. 14) 

= a/1 - X2 - 2/2 cos V'C?a02 , 6^ = a/ 1 - - ^2 gjn ^^^^g . (A. 15) 

The Lorentz connection satisfying e"'^(9ae^ + Ua^B^p) = (w;^'^ = ujp'^^daXp = —u^^) is 

t^a - Cat- , - , UJa j==e^ [A.ib) 

57 _ Xd^ij 58 _ XCOS?/^a„02 / A i v^ 

vi-r vi-r 



59 2;sin^a«03 g7 ?/^l-x2-?/25^^ / A 1 C^ 

68 ^/a/I - 2;2 - y^cosi)da(j)2 69 2/a/1 - ^2 - ^2 sin^^^^^s 

^" - , ) - [A.I'd) 

iOa^^ = Smipda(p2 , = — COS (?q,03 . (A. 20) 

Appendix B: /i:- symmetry gauge fixing: 6^ = k9^ gauge 

One natural gauge choice (used also in [9l[T0l[T2]) in the present case isE§ 

= 6^ = 9 . (B.l) 



^^This gauge is singular if one expands near a null geodesic but is regular if the string background has both 
r and a dependence. 
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Then for the relevant (to 2-loop order) quartic terms in the fermions one finds 

s^-^^^r^L^, = -iseV^Y^YsQ QY^V j:^ QQV bV . (B.2) 

3 

As a result, the "kinetic" and "WZW" parts of (lA.ip become (to order Q^) 

271 1 

;^/:Kin = r/"^ [ - -9„x''a^x'^G^,(a;) + 2^e^^r^I)^^ + 2eT^VjeTAVpe 

+ ^e^ef ^r^(r'^^^^^r,, - T'^'''9eT,,,,)TB9] , (B.3) 

27J- _ i _ _ 

We used that for the "left" fermions TnO = TS'^O = 9 and also that ^rsr^r^^ = -9TaTSbO- 
The resulting action is the same as the quartic fermionic action found in eqs. (4. 12)- (4. 14) in 
[1] upon restricting it to the gauge fIB.ip . 

One may also consider a more general gauge (here A; is a real number) 

9^ = k9\ 9^ = 9 . (B.5) 

Then to 9^ order 
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+ (1 + k^f 9T''{-T^'99Va, + r'''^?^r,,,orc^e^ , 



s"6'^r^L^, = {k"^ -l)s9T^Vp9-iks9T^Tj:B9e^p -k{l + k'^)—9T^Tj:^99TBVp9 



3 

+ (A:^ - iy—9VA{~T''''99Vab + r'^'^^r.^^Orc^eJ . (B.6) 



As a result, ( IB.Sp and (1B.4P are generalized to 



■^^Uin = -d^x''dpx''G,,{x) +i{l + k'')et9V^Vp9 +^-—^9V^VJ9V^Vp9 



(1 + A;2^2 
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e-e«^r^(-r'^^^^r,, + r'^'^^r,,,orB^] , (b.t) 



-^/:wz = e^^[-i{e -l)et9TAVp9-ketepTATj:Be 
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+ \ik{k^ + i)etevAT.VBeev^Vpe\ , 



(B.8) 



where we used that the term proportional to A; — 1 vanishes under antisymmetrization in a, (3. 
Note that if we rescale 9 by {'^f^ then flRTl) will become equivalent to flR3]) while fiBTSD 
will take the form 
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7% 



wz 



+ 



8z A; 



2k 



(B.9) 



which reduces to (IB.4P for k = 1. 

The fermionic propagator in the 6^ = kO"^ gauge corresponding to flB.3p . flB.9p (after the above 
rescaling of 6 and after the rescaling of momenta by i.e. with the same normalization as in 
(O) is 



k-^ + k 



L^(l - ^)(9o - qi) + ^(1 + 0(go + qi) 



8V2{q^ + l) 

^ :l + ^){qo-ql) + ^{l-^){qo + ql) r,-iV2T,TsTg]C (B.IO) 



+ 



L 2 



where q is the 2d momentum and C is the charge conjugation matrix. Note that the contribution 
of the connection terms in V^, to the propagator vanishes (cf. (lA.lip ). 

The propagator is invariant under k k~^ combined with the 2d parity transformation, i.e. 
qi —qi- The same transformation is also a symmetry of the interaction terms in (lB.7p . (lBl8lll^ 



Appendix C: Cancellation of 2-loop corrections in 
flat-space Green-Schwarz action in 6^ = 0^ gauge 

To clarify the issue of cancellation of power divergences in diagrams with fermion lines it is 
useful to consider a similar 2-loop cancellation in flat space type IIB GS action [2] (cf. (lA.ip ) 



2na' 



(fa 



I\2 



ic.i] 



'"'•^Note that the GS action (lA.ip is not invariant under 9^ — > 6^ due to: (i) the presence of s^'^ in the WZ term, 
and (ii) the presence of e^'^ terms in D9 and in M in (jA.4p . The first reason is present aheady in fiat-space GS 
action and can be compensated by 2d parity transformation or e"'' — s- — e"''. The second is due to the presence 
of a non-trivial RR background: each e^'' factor is accompanied by a factor of (note that F'^ = F^Fn) which 
is present due to coupling to self-dual F5 field. Thus reversing the sign of F5 background corresponds to 9^ 9^ 
combined with 2d parity transformation. 
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where we fixed the conformal gau ge \/—hh°'^ = 1]°'^. Let us expand this action near the 
"homogeneous" classical solutioro 

= AT^a" , a" = (r, a) , (C.2) 

where A'^ are constant vectors (which we may formally allow to be complex) assumed to satisfy 

do^x'^d^x^ = v,.KN^p = fVap ■ (C.3) 

Here f is a background-dependent constant. The direct analog of our background in (12.161) 
is the following choice 

Nl = ^{l,-z), Nl = ^{l,t), i=-n\ (C.4) 

where x^, x^ directions are analogs of 02 and 03 in ( 12.16^ . 

Let us fix the K-symmetry by the same condition as in (16.10 : 6^ = 6"^ = 0. Since s^"' = (1,-1), 
the contribution of the WZ term in (IC.ip then vanishes. The resulting fermionic kinetic term 
will turn out to be non-degenerate so this gauge is admissible. 

Setting x^^ —>■ x^ + x^ , we get the following action for the fiuctuations x^, 6 



(C.5) 



2na' 
where 

7a = A^^r^ , r(^r,,) = r]^^ , 7(^,7^) = fr/^/? . (C.6) 

To this action we should add the contribution of the conformal gauge ghosts and the K-symmetry 
ghosts. The former is decoupled from the background but the latter is non-trivial. The invari- 
ance of the GS action under the /t-symmetry 69^ = {daX^ — i9^T^da9^)T ^k"'^ (here the spinor 
parameter k"^ is selfdual and - antiselfdual in 2d vector index a) leads in the 9^ = 9^ gauge 
to an ultralocal ghost actioE0 

Ighib, c) = ^j (fa b\N^ + d^x^ - 2t9T^dJ)T, c"^ . (C.7) 

On general grounds, one should expect that the total string partition function should be trivial 
despite the non-linearity of the action (IC.Sp . Indeed, we could have fixed first the conformal 
gauge x~^ = p'^T, T+9^ = in which the GS action (IC.ll) becomes quadratic and then choose 
the background (]C.2|) in the x"^, x^ directions transverse to (x+, x~), x^ = x^±x^. Since we are 
expanding near an on-shell background, the partition function should be gauge-independent, 
i.e. still trivial. 

Let us note that the resulting theory (IC.SP is formally non-renormalizable: the fermionic 
kinetic term is linear in 2d momentum while fermionic interactions contain derivatives. This 



Since the above action depends on only through its derivatives, the coefficients in the expanded action 
will be constant. 

^^The conformal gauge ghosts and the K-symmetry ghosts decouple. 
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is a reflection of tlie absence of the (non-unitary) dOdO kinetic term in tlie GS action (i.e. of 
the degeneracy of the corresponding superspace sigma model metric). Thus we should expect 
divergences with higher powers of the UV cutoff (in an appropriate covariant regularization); 
the triviality of quantum corrections requires cancellation of all divergences, and, in particular, 
the absence of logarithmic divergences. 

Let us first consider the 1-loop approximation. Counting non-trivial ilndet(— 9^) contribu- 
tions one gets 10 from bosons, -2 from conformal ghosts and — | x 16 = 8 from one MW fermion 
9] this checks that the total effective number of degrees of freedom is 0. In addition, there is a 
quadratic divergence proportional to Inf coming from the ^-determinant {{'^"daY = f(9^). It is 
cancelled by the 1-loop contribution of the K-ghosts in flC.7|) (/ (fa 6^ 7^0^° + .. 



To compute the 2- loop contribution it is useful first to transform the action ( ]C.5[) .( |Cr7l) into 
an equivalent but simpler-looking 2-d dual (or "T-dual" ) formic by introducing two auxiliary 
fields and and writing the total fluctuation action as 



not 



^(L^:)2 + 2«^7°a„^ 



Integrating first over (implying = e°^9^y^ where is a "2-d dual" of x^^ and then over 



results in 



'tot 



27ra' 



la 



(C.9) 



This can be written also as 
1 



tot 



2-Ka' 



- -{d^yn' + '^^drdj + b^j^'^ 

- 2te''^df,y''9T^dJ + e^pd'^y^b'T + ^(fo^r^c^")^ 



(C.IO) 



An advantage of this form of the action is the absence of the O'^ and hc9^ terms at the price of 
the appearance of (simpler) (6c)^ termjff] 

Then the only 2-loop diagram involving 6 is then of type (a) in Figure 1 where one line is 
bosonic and two lines are fermionic. Because of the properties of 7^ in (1C.6P the propagator 
for the Majorana-Weyl lOd spinor 9 is essentially the same as for a 2-d fermion, i.e. is (in 



^^Similar cancellation applies to the ^'''-dependence in lightcone gauge. 
^^A similar transformation was used in [8]. 

^^To make the structure of possible cancellations more transparent it might be useful to replace the 
(anti)selfdual ghost c^" with two commuting ghost spinor fields (the associated Jacobian is background- 



independent): 



r-^a = (7ya/3 _ ^afi^^Q^^2 ^ xhat way it may be possible to show 



the cancellation of corrections between loops of 9 and loops of (6, 1?^) to all orders. We will not pursue this here. 
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momentum representation) ^p^. Then the non-trivial contribution (from the diagram on Figure 
1(a)) to the 2-loop effective action is proportional to (V2 is the 2d volume factor) 



f2 



(fp(Pq Tr(r''p°7„r^g^7/3) e^^p.,{p + q) s^^' ^' q-y' {p + 1?)^ 



(27r)4 p^q^{p + qY 

Sincj^ Tr(r^p"7Q,r^q''^7/3) = —10 x 16 i{pq) we end up with (omitting the prefactor ^ 

dPpdPq{pq)[{pqY — p^q^] f (fp(fq 



(C.ll) 



+ 



p'2q2^p _|_ qy 



4(2%) 



q^ 



+ 



(p^ + q^ + 2pqy 



1 + 3^-3^^ 

1 p4 



(C.12) 



{p + qY 2p'^q^ 2 (p + q^q^ 

where we factorized the integrand and used the symmetry under p q a.s well as Lorentz 
invariance of the integrand. The above integral can be simplified further into 



(fpcPq 
4(27r)4 



q^ 



p 



q^ ^ {p + qy 2 (p + qYq^ 



(C.13) 



This integral is quartically divergent. Applying the dimensional regularization (in combination 
with an IR regularization by a mass, see [H]) we conclude that it does not contain any loga- 
rithmically divergent or finite parts, i.e. the result vanishes. The contribution of ghosts is also 
trivial in dimensional regularization. 

Alternatively, we may use an explicit regularization like an exponential cutoff by inserting 
e A^" for each momentum integral. Then we get for (]C.12p (omitting the overall factor) 



/ 



(fpd'^qcfk 



S^^\p + q + k) 



(k^-p^-q^) p2 



p — q 



2\2 



,2^21 



4 p^q 



(27r)4 ' ^ ' V 8p2g2p 

Using the symmetry of the integrand under interchange of p, q, k we obtain 



(C.14) 



cPpd^qdPk 



k" 



4(2.)^ + . + 

(Pp(Pq\^ {p + qY , {p + qYi 



4(2^) 



+ 



pZJ 



A* 



(C.15) 
while each 



Evaluating the integrals here we find that the first term in the bracket gives ^2 
of the last two gives zero. 

The result is thus simply a quartic divergence, which should then be cancelled against the 
local K-symmetry ghost contribution so that the total 2-loop contribution to the effective action 
is trivial. A careful check of this cancellation may require a systematic development of the 
phase-space quantization of the GS action in the 9^ = 6^ gauge (with all measure factors taken 
into account) o The use of dimensional regularization allows one to by-pass this problem. This 
is the strategy we adopt also in the curved-space case considered in this paper. 



^^The trace is taken with the Weyl projector impHed. 

^°In general, local measure may not be fixed in the Lagrangian quantization; that means also power divergences 
can not be cancelled unless all local factors of ghosts and measure are included. For a previous discussion of 
quantization of flat-space GS action see, e.g., [50] , 
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Appendix D: A^-symmetry light-cone gauge T+O^ = 



The flat-space GS action is known to simplify dramatically in the /^-symmetry light-cone gauge 
T^9^ = 0: the quartic fermionic term in it vanishes. It is natural to expect that a choice 
of a similar gauge may also lead to important simplifications in curved space-time case. In 
particular, at least part of power divergences may then be absent. Below we shall present the 
details of the structure of the AdS^ x 5"^ action in a light-cone gauge = needed for 

computing the fermionic 2-loop contribution discussed in section 3. 

D.l Vanishing of 2-loop correction in the expansion near null geodesic 

As a preparation for the 2-loop computation we are interested in it is useful first to consider 
the expansion near the simplest point-like string configuration: null geodesic that goes around 
S^. Since this is a BPS configuration preserving 1/2 of supersymmetry one expects to find that 
all world-sheet loop contributions to the sigma model partition function expanded near this 
background vanish, i.e. the ground-state energy should not receive quantum corrections. This 
is indeed easily verified in the 1-loop approximation where choosing the light-cone K-symmetry 
gauge one gets 8 bosonic and 8 fermionic fluctuation modes with equal mass [H HJl [10] . We 
have checked explicitly that the same is true also in the 2-loop approximation where one no 
longer has a benefit of an effective 2d supersymmetry or even manifest 2d Lorentz symmetry 
present in the "1-loop" (i.e. "plane- wave" ) action. 

We shall use conformal gauge and consider the expansion of the superstring action near the 
following sigma model solution corresponding to the metric fl2.13p . fl2.14p : t = kt, 02 = k,t 
with all other angles being trivial. It is actually useful to change the parametrization of the 
metric from fl2.14p to the one similar to fl2.13p : 

[ds = ( . , 1 2 ) ^'^ + n I 1 2^2 ' n = 1,2,3,4. (D.l) 

1 + 4?/ (1 + 4?/) 

Then the classical solution (which solves both the sigma model equations and the conformal 
gauge constraints) is 

t = hiT, (/} = KT, Zk = ^, yn = , (D.2) 

and we should thus expand the action to quartic order in fluctuation fields i = t — kt, (j) = 
(f) — KT, Zk, Vn and 6^ subject to the I.e. «;-symmetry gauge condition (ro + r5)6'^ = (we label 
as the 5-th coordinate). 

Let us first make general comments on the bosonic contribution. The logarithmically diver- 
gent parts of the effective actions of the decoupled AdS^ and sigma models are each given by 
the counterterm (12.70 multiplying the dxdx term. For a symmetric space (12. 7p is proportional to 
the metric itself, so we get, up to numerical coefficients, {a'R+a''^R^+a'^B? + ...)G^y{x)dx'^dx'' . 
Since the scalar curvatures of AdS^ and here are opposite in sign, we conclude that the di- 
vergence at one (or any odd) loop is proportional to the difference of the AdS^ and classical 
actions, while the divergence at two (or any even) loop is proportional to the sum of the AdS^ 
and classical actions (i.e. to the total classical string action). The difference of the AdS^ 
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and classical actions is non- vanishing on flD.2l) . in agreement with the presence of 1-loop 
divergence coming from 8 equal-mass bosonic modes; this divergence is of course cancelled by 
the fermions. The sum of the AdS^ and classical actions vanishes on the solution flD.2l) . so 
we conclude that the bosonic part of the partition function can get only finite contribution at 
two (or any even number of) loops. 

This is indeed what we have found by the direct 2-loop computation: the bosonic 2-loop 
contribution h app ens to be completely trivial, i.e. the 2-loop bosonic part of the effective 
action vanishescj 

As for the fermionic part, we found (using the I.e. gauge expansion) that the contribution 
of the diagram in Figure 1(a) with two Yukawa FFB vertices is identically zero, while the 
contributions of the FFBB and FFFF terms in Figure 1(b) are proportional to the square of 
the simple massive tadpole integral^ [1, 1] in fl3.10p with the coefficients being, respectively, 32 
and -32. Thus the total 2-loop term in the effective action expanded near the null geodesic is 
indeed zero. 

Let us stress that to arrive at this result we used dimensional regularization only in a limited 
sense: all tensor algebra was done in d = 2 and we continued to d < 2 (to eliminate power 
divergences) only at the very end for the scalar integrals found after factorization of highest 
divergent parts of the integrands. If instead we have used the standard dimensional regular- 
ization (i.e. have assumed that {paPp) = ]flai3{p'^) instead of {paP/s) = ^Va/sip'^)) then the 
contribution of the FFFF term would be —64(1 — i) and we would be left with non-cancelled 
- divergences (and a finite part). This indicates that the standard dimensional regularization 
cannot be applied to the GS action: it breaks some of its symmetries which results in non-trivial 
corrections to what should be a protected BPS state. This of course is not surprising given, in 
particular, the presence of the WZ term in the GS action. 



D.2 Expansion near the solution in the Ught-cone gauge 

The background f l2.15p selects two spatial directions xg = 02, = 03 so a natural choice for 
the I.e. gauge condition that should produce a non-degenerate fermionic propagator when one 
expands near fl2J[5D is [Fo + ^(Fg + Fg)]^^ = 0. More generally, we may consider a "rotated" 
choice [Fo + y=f (^s + Cr9)]6'^ = where C is a gauge-fixing parameter. The result for the 

effective action does not depend on the value of (: since F^ have tangent-space indices this = 
follows from rotational invariance of the action in the tangent space. In what follows we shall 
choose the simplest option C = 0, i.e. 

= , ¥T+ = , {e^fT_ = , (D.3) 
F± = i(±Fo + F8) , F_F+ + F+F_ = 1, F^ = , (F+F_)2 = F+F_(D.4) 

^^Note that our computation is different from the discussions of near-BMN expansion in f40','43^ where a hght- 
cone-type gauge was imposed on the bosons. We instead use the conformal gauge, with the conformal gauge 
ghosts cancelhng the contribution of 2 massless longitudinal modes (t and (j)) at 1-loop; within our regularization 
scheme the contribution of these modes also decouples at higher loops. 

^^We again set k = 1 by a rescaling of 2d coordinates/momenta. 
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Splitting the bosonic tangent-space indices into 0,8 and p,q = 1,2,3,4,5,6,7,9 we get from 



where 



n = ri234 , r, = iVoii , 0^ = 1. 

The combination entering the quadratic fermionic term (lA.Sp becomes 



(D.5) 



(D.6) 



iJ 



2 

- ^^"V«r,[^'^-a;^'')r„r,^^ + e^^r_e^r,™^] . (d.7) 

Expanding the vielbein and connection near their background values in (1A.11I) we find for the 
fermionic kinetic term 

-^4°^ = t{v-^6^-^ -e-^s^') [9^TXd,e' + le'''iel4 + el4W^ (D.8) 
where (cf. (I23T|) ) 



e;; = ^(i,-), 



K 



V2 



(D.9) 



Thus 



„a/3p8 2j8 _ 0/3-9-9 _ _i o/3-8 j;9 _ n 



«/3-8 2j9 _ ■ 



2^ 



(1 - i)e^T^{di + So)^' + (1 + ^)^'r_(ai - d^)9^ 



2 



where the kinetic operator in momentum representation is (we now set k = 1) 

(l + z)(gi - go); 



y2n 



(D.IO) 



(D.ll) 



(D.12) 



Here we used that 6 = 9^C, C = r° = -Tq (see (lAlTl) ) and that Cr_ = (r_ = -r+r_. 



^•^We have dropped the term with tu^ since this component of the connection vanishes for our direct-product 
metric. 
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Then we get for the propagator (cf. fIB.lOp ) 

where r+r_ = F+C, = — + g^. The propagator can be written also in the following 
"covariant" form: 

The logarithm of the determinant of K gives the same 1-loop contribution in ( 11.181) as found 
in the (P" = kO"^ gauge. 

The FFB and FFBB interaction vertices are found from expanding (1D.7|) (multiplied by 
i[r]°'^6^'^ — e°'^s^'^) as in (lA.Sp ) to quadratic order in bosonic fluctuation fields in fl2.16p using the 
expressions in (lA.12p - (lA.20p . Then the Feynman graphs are constructed using the propagators 
fl2.24p and (ID.lSp . For example, the interaction vertices linear in the field ot in (12.160 are 
given by 

27r - 1 

-^Cf2 X = X s'^e'T^gT.e-^ + —{do + idi)x s^e-'^^'FsgF.n^^ 
v A V 2 

^(^0 + idi)x ^^FsyF^e^ ^(^0 - idi)x s^'^e^T^jT^e'^ , (D.15) 

2v2 2v2 

where we used that a term with Fsg similar to the one with Fsg gives vanishing contribution. 

The relevant 4-fermion terms follow from the general expression in (lA.Op . Using (1A.20P 
{ujj^ = e^, lajJ^ = ~(^a) fii'st keeping e^, general and then using relations (ID.lOp we find for 
the second term in ( 1A.9P 



- e^^e^*^Frpr9nr_e^^^rpr9nr_6'^^] . (D.ie) 

The first term in (]A.9p contains two structures: 

= ele'T^ M'^j^DpO^ + e^^^FgA^'j^D/^^^ ■ (D.17) 
Computing them using (lA.4p . (]D.10p we get 



2' 

^s^-^e^-^ [^^F.F^^'^-^^^FijF.nFTs^^ - ^^F_F^'^'6'^^^Fi.jvF_nF79e-^] 

1 [eiT.r^e^e^VijV.e^ - Wv.r'^'e^e^Viij.v^e^] , (d.is) 
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where i, j = 1, 2, 3, 4; i' ,j' = 5, 6, 7, 9 and p = {i, i'). 



(D.19) 



Appendix E: Calculation of 2-loop momentum integrals 
E.l Bosonic integrals 



Here we compute the integral of in fl2.30p that enters (I2.26P and (12.361) . We spht the integrals 
in the same way as their integrands in (I2.30p 



In 

Let us start with l^^i and introduce the tensor 

0/375 _ 



l-N,i 



d'^Qid'^Qj 



{2n) 



(E.l) 



II 



qTqjqhj {qf + q] - al) 



2\2 



{2n) 



S^^\qi + qj + 



qk] 



i^f (qf + 4) {q]y [q] + 4) {ql + 4) 



(E.2) 



where we used the symmetry under qi ^ QjO Taking traces over (a, 7) and (/3, 6) we obtain 



d'^qjd'^qjd'^qk 
{2nY 



5''^\q: + qj + qk) 



(qf + 9? - ql? 



qf {qf + 4) q] {q] + 4) (g^ + 4) 



(E.3) 



We only need that particular combination of Ai and A2 to compute /tv,!- Expanding the 
numerator and using various symmetric integration identities we get from (1E.3P 



In,i = 4(Ai + A2) = 4 



d qid qj 



'?K9' + 4)g|(?| + 4) 

2 2 

+ 



qKqf + mql + ^) qKq] + ^M + ^) 

2 16 

+ 



qKqf + ^)iq' + ^) qKqf + '^)q'iql + mql + ^) 



^^We reinstated the integral over to make the symmetry between qi and qj manifest. Also, we used the 
notation ija/s for the 2d metric. The integrand (|2.30p was already continued to Euclidean space; at the level of 
the above analysis this replaces rjap with Saf3- 
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+ 



d qid qj 
1 



+ 



For Ii^^2 we proceed in the same way by starting with the tensor 

1 



(E.4) 



-'2 



S^^\qi + qj + Qk) 



a P 1 5 

qftiiqlqi 



6 

where As is found by taking the trace. As a result, 

d'^qid^qj 1 



(27r)4 (g2 + 4)(g2 + 2)[(g, + g,.)' + 2] 



(E.5) 



(E.6) 



For the integral in the last term X7v,3 in (12.301) we need to consider two tensors associated with 
the prefactor 



- {qmjo - qiiqji){qmkQ - qiiqki) = {qmjo - qnqjif + {qmoo - qtiqji){q% - q 



ilJ 1 



(E.7) 



i.e. one with two g^'s and two q/s and the other one with three g^'s and one qj. The first one 
is then similar to /"^'''^ in ( IE. 21) 



d\d\d'q, ^ ^ . qtq^qJq^Mf-ie.-ql?] 

- S"- ' [qi + qj + qk) 



(27r) 



(?D^(9f + 4)g|(g| + 4)gi(g2 + 4) 



where 



d^qid^q.d^qk ^^2), , , . (g| - ^D'] 

0^ > {qi + qj + qk) 



(E.8) 



i2nr 

d^qid^qj 
72^ 



g2(g' + 4)(g^ + 4)g2(g2 + 4) 



9f(9' + 4)g|(g| + 4) 



+ 



1 



g.'?|[(9. + g,)' + 4] k^ + 4)(g| + 4)[(g, + g,P + 4] 
The second tensor we need is 



(E.9) 



d\d\d% , _ , ^ q?qfqlqHiqfy-iq'-qiy] 



(2vr) 



5^^\qi + qj + qk) 



(a^(?f + 4)g|(g| + 4)gi(g2 + 4) 



(E.IO) 
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The Af term is not contributing in our case since the combination in flE.7p is symmetric in qi, qj 
(in fact, ^7 = as one can see by doing exphcitly one of the two integrals). Taking traces gives 



A, 



(Pqi(Pqj(fqk 
(2vr)4 

(PqiCpqj 



5^^\qi + qj + qk) 



jql - qf + q]) M? - iq] - ql?] 
qf{qf + '^)qj{qj+4^)qM + '^) 



?fK + 4)g,'(g,' + 4) 



qfq]U + q,y + M (?.^ + 4)(g| + 4)[(g, + g,-)' + 4] 
Finally, we get 

In,3 = 4 (^4 + As + 2Afi) . 
Summing up the above expressions (1E.4|) . (]E.6P and (]E.12p we obtain for J^v in (lE.ip 



(E.ll) 
(E.12) 



24 



cPqi(Pqj 



1 



qfiqf + 4)?|(?| + 4) qfq] [{qi + qj)'' + 4] 
1 1 



+ 



(g2 + 4)(g| + 2)[(g, + g,)2 + 2] (^2 + 4)(^2 + 4)^^^^ + ^^.)2 + 4] 



(E.13) 



The integrands on the first line of flE.13D combine into a a , %, — ; — ntttt and the resulting 

IR finite integral can be evaluated using Feynman parametrization. Alternatively, we may 
evaluate the two integrals separately introducing an IR cutoff mg — > and using that 



(fqjCpqj 



q^.+ml 



+4 



(4 



— in^r^^ 

7r)2 ^ 4 ' 



(E.14) 



and also the previously computed expression fl2.45p for (12.411) (see (I2.42p . (l2.44l) ). i.e. 



(PqiCpqj 



(2^)4 [qf + ml){q] + mg)[(g, + q,)^ + 4] (47r)2 J, 



1 In A + ln[x(l - x)l 
dx- 



4x(l — x) — ml 



4(4^) 



1^7r2 + ln2(!^) 
3 ^ 4 ^ 



(E.15) 



The remaining two integrals in ( IE. 131) are again of the familiar type (I2.42p .f l2.44p and are the 
same as in fl2:i6|) and (l2:49|) 

(fqi(fqj 1 _ 1 



(27r)4 (g2 + 4)(g2 + 4)[(^^ + g^.)2 + 4] 4(47r)2yo 
(fqicfqj 1 1 



^ , lnb(l-x)l 
ax- 



dx 



x{l — X) — 1 
ln[2a;(l - x)] 



(E.16) 



(E.17) 



(27r)4 (qf + 4)(q^ + 2)[{q, + q,y + 2] 2{AitY j, 2x{l - x) 

They are thus expressed in terms of the Catalan constant K (12.470 and a combination of 
trigamma values K (I2.50p . Explicitly, combining the values of the above integrals we find for 
(tEH]) 

13 24 , ~ , ^ 

/. = -y-^(K-K). (E.18) 
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E.2 Fermionic integrals 

The non-invariant integral in the mixed boson-fermion sector contains two different types of 
factors. The first is (here we use Euclidean signature and consider the integral directly in 
d = 2y. 

X = {ql-qlf = {q}-2qlf (E.19) 

and its expectation value over {qi,qj) symmetric Lorentz-invariant measure can be evaluated 
using that as in (IKSD {qiq-q^qf) = \{r]'^^r]'^^ + t^^^t^^^ + r]''^r]^f^){qf). This gives 

(^i) = liQt) ■ (E.20) 

The second combination is 

y = {qioQjo - qiiqji){qmko - qkiqki) = {q} - 2qiiqji){ql - 2qkiqki) , qk = -qi - qj (E.21) 
Using the qi —>■ qj symmetry of the measure the expectation value of X2 is the same as of 

Y' = 2qi ■ qj{q} + qi ■ qj) - Aquqjiiqi + qi ■ qj) - 4(gfi + qnqji) + ^qnqjiiq^ + • (E.22) 

Then (y) can be found by using the same relations as in (lE.10l) .( !El8ll 

{qtqUh') = ■ + t^v'' + v^'v""') , (E.23) 

+ {2{q, ■ q^f - q}q]) (t^^^t]^^ + r^'^^'n^^)] . (E.24) 

As a result, 

(y) = {¥') = {{q, . q,f + qjq^) = \{{q^ + q]){q, + q,f - {qf - q])') . (E.25) 

Let us now consider again the similar integrals in d dimensions keeping track of rf-dependent 
factors^ Here we shall use Minkowski signature and always imply that qi + qj + qk = 0. We 
start with 

I d%d% qUlqlqt f{q,, qu) = A {t^r,^'' + T^-^r^'^^ + t'r,^^) (E.26) 

A = ^^^^ I d%d% {qlf f{q„qk) . (E.27) 

^^That may be useful for finding the coefficient of the - divergences in the fermionic sector as in the bosonic 
sector in (g^Ml) , (E3Z1) • 



41 



In particular, we find 



(E.28) 



Let us consider the following combination 



^iqMjo + qnQjiMo + qIi) = -(?'o + Q^iMo + qIi) - {l% + Q^Mo + ill) (E-29) 

-(qioqko + qiiqki)(qlo + qli) - (qjoqko + qjiqki)(qlo + qli) 

The reason for this splitting is to maintain the i ^ j symmetry. To evaluate its integral we 
will need 



/ 



Then 



d\d% qUqlqt fiqj, qk) = Arj^'ri'^ + B,(77«^7?'"* + ri'^Y") 

dp A + 2dBi ^ j d%d% q^ql f{qi,qk), 
dAi + d{d +l)Bi ^ / d%d% {Qi ■ qkf f{qi, qk) , 



and thus 



ABi = J d^d^Qk {ql + ql){qlo + qlr) fiqj, qk) 
" d{d+l)-2 J ^'^^^■^'^^'^ [^^^ ■ ^^^^ ~ d 



Consider also 



j d%d% q^qUtqt fiqj, qk) = Djirj'^'rj'^ + Tt'yf^ + rtS""") 
d'^qijd'^qk {qijoqko + qi,jiqki){qlo + qli) f{qi,j, qk) 



''^ d{d + 2) 
Collecting separate terms we get 



d qijd Qk {qi,j ■ qk) qk f{qi,j, qk) 



(E.30) 



(E.31) 



(E.32) 



(E.33) 



2 J d'^qid'^qjd'^QkS'^iqi + qj + qk) {qioqjo + qnqji) {qlo + qli)f{qi, qj, qk) (EM) 



d%d%dV{qi + qj + qk)[ 



d{d+l)-2 



{qi ■ qk)^ + {qj ■ qk)^ - ^ {qi + q]) ql 
{qi ■ qk + qj ■ qk)ql}f{qi, qj, qk) 



d{d+2) 
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Using the momentum conservation + + = we can reorganize various terms: 

{qi ■ Qkf + {qj ■ qkf + ^(g^ • qk + qj ■ qk)ql = ]^{ql + 2?^ • qk)qi ■ qk 

+\{ql + H • qk)qj • qk = ^(?| - q^Mi ■ qk + - q])qj ■ qk = ^{qi - q]f (E.35) 

and then 

2 j d'^q^d'^qjd'^qkd^^^qi + g^- + qk){qioqjo + qiiqji){qlo + qli)f{qi, qj, qk) 
= y" dVqjdUk^^^'Kqi + qj + qk) 

Similarly, we can compute the integrals 

/i = y d'^qid'^qjd'^qkS^'^^ {qi + + g^) (gjogji + qnqjo) {qmki + qiiqko)f{qi, qj) (E.36) 

^2 = y d'^qid'^qjd'^qk5^'^\qi + + qkjiqmji + qiiqjo){qioqki + qiiqko)fiqi, qk) (E.37) 

^3 = y d'^qid%d'^qk5^'^\qi + qj + qk){qmji + qiiqjo){qioqki + qiiqko)f{qi, qj, qk) (E.38) 
Let us consider 

rf-^g, + 9. + qk)q-qW3f^^^^ Ij) = liM'^'v'' + A^^^ + r?«^^^)] (E.39) 



We obtain 



4 y dVqjd^S^''^ (g, + g,- + qk)qh]f(qi, qj) = ^i^^' + 2^c^ (E.40) 
y d%d%d''qk5^''\qi + g,- + gfe)(g2 + gj - g^ 9,) = A^d + ^^(d + 1) (E.41) 



Then Ai and A2 are 



^1 - ^2(^+\)_2^ y AiA. Afe5^'H?.+9.+?fe)[4(rf+l)gM-2(g^+g|-gD']/(?i,?,) (E.42) 

d\d%d%6^^\q, + g, + g,)[-4g2g| + ^(gf + g| - g2)2]/(g., g,) (E.43) 



1 



d'^{d+l)-2d 
Also 



y d\d%d%S^^^ (g, + g, + qk)qtqhl<fJf{q^^ qj) = \M[r'ri^' + r?"^^' + ^"'^''l (E.44) 
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from which one obtains 

8 J d''qid%d''qj^''\q, + q, + qk)q■q^QJfiQ^^ Qj) = did + 2)^3 (E.45) 
The integral Ii becomes 

/i = -^(A + ^2 + ^3) (E.46) 

The integral I2 can be written in the same way as Ji with the formal interchanging j ^ A; in 
Ai, A2, A3. The integral I3 is the same as Ii. 
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